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Abstract—This paper proposes a new class of simple, dis-

tributed algorithms for scheduling in multi-hop wireless networks
under the primary interference model. The class is parameteézed
by integersk > 1. We show that algorithm k of our class achieves
k/(k + 2) of the capacity region, for everyk > 1.

The algorithms have small and constant worst-case overhead
in particular, algorithm k generates a new schedule using@) time
less than 4k + 2 round-trip times between neighboring nodes
in the network, and (b) at most three control transmissions by
any given node, for any k. The control signals are explicitly
specified, and face the same interference effects as normahtd
transmissions.

Our class of distributed wireless scheduling algorithms ag the
first ones guaranteed to achieve any fixed fraction of the capmity
region while using small and constant overheads that do not
scale with network size. The parameterk explicitly captures the
tradeoff between control overhead and throughput performance,
and provides a tuning knob protocol designers can use to haess
this trade-off in practice.

Index Terms—wireless networks, scheduling, distributed algo-
rithms, primary interference, matchings, multi-hop, congestion
control

I. INTRODUCTION

HIS paper presents novel distributed algorithms fo
scheduling of transmissions in multi-hop wireless nef
works. The algorithms represent the first instance in whic
any arbitrary fraction of the capacity region can be actdevé
with constant overhead, independent of the size of the mktw

but possibly dependent on the chosen fraction. In additian,

algorithms are very simple. We now motivate our work an

summarize our contributions.
The task of wireless scheduling is challenging due
the simultaneous presence of two characteristics: inmtmte

between transmissions, and the need for practical disédbu
implementation. Interference effects result in a fundataen
upper limit on the data rates that any scheduling algorith
— distributed or otherwise — can hope to achieve. This fun
mental limit, or capacity region, serves as a benchmarkagai

which the performance of various distributed scheduliggal
rithms can be compared.

In practice, the need for distributed implementation inrvar.
ably leads to an overhead, as the same resources that ¢
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have been used for data transmission have to, instead, be
wasted on control signals in an effort to combat interfeeenc
Most of the currently proposed scheduling algorithms, \whic
we survey and compare in Section I, do not explicitly take
overheads into account. As a result, it may be the case
(especially for large networks) that after using a large € an
unaccounted for — portion of resources for control signglli

the algorithms perform well with regards to the benchmark in
the remaining portion used for data transmission.

In our paper we carefully take overheads into account
a priori in the performance evaluation. For our algorithms
it is clear (i) how efficiently the overall wireless resources
are utilized, (ii) what is the tradeoff between scheduling
performance and control overhead, atid) how a system
designer can choose her operating point on this tradeoéfsé&h
three aspects are elaborated on below, after a brief déscrip
of our results.

We are not the first to recognize the need for protocols
with constant overheads: some recent pieces of work [1]-
[3] also propose constant-overhead algorithms. Theirltesu
and approaches are summarized and compared to ours in
ection Il. These existing constant-overhead algorithars ¢
uarantee at most half of the capacity region (in the portion

resources dedicated to data transmission), and edgentia
nvolve using enhanced contention resolution as a way to
pproximate maximal matching in constant time. As opposed
0 these protocols, our algorithms can capture any desired
Haction of the capacity region (in the data transmissiort)pa
and do not attempt enhanced contention resolution.

In this paper, we assume the “node exclusive” or “primary”

interference model. In this model any node in the network can
communicate with at most one other node at any time. This
is an important model with a rich history of dedicated work,

W]hich we survey in Section II.

da.!n our algorithms bandwidth is assumed to be fixed and

time is divided into scheduling cycles, with a new schedule
generated by the algorithm in every cycle. As in other papers
in this area, the length of a cycle is left to the protocol gest.

Our algorithms partition each cycle into two parts: a schedu

6%(control signalling) part and a service (data-transinis)

part. Figure 1 depicts this partition. The partitioning bet
scheduling cycle thus explicitly captures the wastage imtrod
signalling: the fraction of resources wasted is the ratithef
length of the control part to the length of the overall cycle.

At the heart of our algorithm is a scheduler that generates
a new schedule based on the queue lengths. For a parameter
valuek, the scheduler requires that the length of the scheduling
part be4k + 2 round-trip times, where oneund-trip time is
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‘1 5 aen ‘1 5 ake | fixed given arrivals. Tassiulas and Ephremides [5] were the

EE— EE— first to consider stochastic arrivals in general interfeeen
‘ ‘ ‘ models, of which primary interference is a special caseyThe
Scheduling Tt—1 Scheduling Tt characterized the maximum attainable capacity region, and
[ [ also presented a centralized algorithm guaranteed towechie
qt—1 qat . . . . .
In the case of primary interference, this algorithm boilsvdo
Fig. 1. Each scheduling cycle is divided into a control pard a data part. t0 finding maximum weight matchings (with queue lengths
The control part consists afk + 2 phases — each phase being the length dbeing weights). This algorithm thus h;@(rﬂ) complexity.

a round-trip between neighbors — after which a newrsef active links will ;
be decided. This new set is active for the data part of theecyithe whole McKeown et al. [6] also showed the same result for switches.

process is repeated in the next cycle with updated queéussunis the cycle  The need for speedy implementation and low overhead
number. spurred the development of algorithms with lower compiexit

(but possibly higher delays). Tassiulas [7] studied randeth
centralized algorithms that achieve the capacity regioth wi

Ecvi_azouagﬁ;;giereﬁﬁge; :]%ri ahgggﬁ ton;ndaeke :Ils\c/)er?/nb:rs] (n) complexity. This algorithm samples a new candidate
Y 9 9 L |¥1atching uniformly from the set of all matchings, and switsh
scheduling cycle and for any, the algorithm requires that

: : schedules to this new sample if and only if it represents a
each node transmit at most three control signals, and tlee siZ : : } .

. . . arger weight. For the case of switches, this algorithm was
of each control signal is independent of network size.

de-randomized by Giaccone et al. [8].

Congestion control and routing algorithms are built on top ; .
of this scheduler, and control the number and identity of theWeller and Hajek [9] showed that any algonithm that uses

packets injected into the network. The congestion corroll? maximal maiching in every ime slot can achieve half the

: ity region. They showed this result for determinédiyc
for a multi-hop flow operates only based on the queue len fePact ) . :
at the source of the flow. ELpper—constramed traffic. Dai and Prabhakar [10] showed th

This algorithm with parametek is guaranteed to achieve same performance holds for stoc_:hastic packet arrivals s we
. & ) _ ) aLln and Shroff [11] extended this result to the case of flow
fraction { 55 ) of the capacity fe_g'o""““”g the data part of arrivals and departures. For tree topologies, Sarkar ard Ka
the cycle, for any network and its associated flows. A larg 2] presented a sequential maximal scheduling algorithm
value ofk requires a longer absolute length of the control patjhich achieveg/3 of the capacity region.
and in return guarantees better performance in the data par‘Recently, distributed algorithms achieving the entire ca-
as explicitly detailed abovg. Thus captures the overhead-p(,icity region have been proposed, see e.g. [L3]-[16]. This
performance tradeoff, a”‘%' IS a tunable knob thgt the protoe arantee of course refers to the scheduling efficiency with
designer can use to optimize performance, with respethE@gards to data transmission, since these papers do natrecco

other system considerations. _ _ for resources used in overheads. Also, these protocols have
One such consideration that has a direct bearing on the bz heads that grow with network size.

propriate choice c_»t: is the length OT the schgt_juling cyclg. This All of the above algorithms involve complexities that grow
is usually determined by the physical conditions (e.g. Miybi iy, network size. In some more recent work scheduling

data rates etc.) that the network is expected to operater.un%?gorithms with constant overheads have been proposed. Lin

,If long cycles are determined .to *?e fea§ible — where Hlon%nd Rasool [1] showed that close to 1/3 of the capacity region
is as compared to the round-trip time — it may make sensedg, e achieved witld(1), i.e. constant, overhead. Gupta et

choose a protocol with Iargg&r. Converse_ly, short sche.dulingaL [2] and Joo and Shroff [3] build on this result to achieve
cycles may favor a smali-implementation. The ch0|_ce c_>f close to 1/2 of the capacity region with constant overheads.
the pgrametek may de_pe_nd on netvyork characteristics IIkeFhese algorithms attempt to generate (approximately) maixi
mobility a_md arrival statistics; howevet, does not depend on matchings in every time slot using local contention algoris
network size. that terminate inO(1) time. Our approach in this paper is
thus different from these papers, as we do not attempt to
Il. BACKGROUND AND EXISTING WORK resolve contention. Furthermore, some recent develomment
Scheduling in the presence of interference constraints ishave pushed in the directions of multi-hop traffic, e.g. [1f]
central problem in communication networks. In this summarghore general interference constraints, e.g. [18]-[20].
we will mainly concentrate on the work involving primary
interference constraints, also known as the “node-exalsi
model in wireless networks. Primary interference constsai
arise both in wireless networks and input-queued crossbawe now formally describe our system model, which is now
switches in Internet routers, and the results of the pajstesll standard in the literature. A wireless network is represent
below are often of interest in both applications. In thedall by a graphg = (N, £), where N is the set of nodes and
ing, “complexity” refers to the number of operations/amburns the set of links. If a link(n,m) is in £, then it is possible
of time that has to be spent every time a new schedule hagdotransmit packets from node to nodem subject to the
be found. interference constraints which will be described shoilie
Hajek and Sasaki [4] introduced the primary interferenassume that time is slotted, denotedtbyet c,,,, be the fixed
model, which they studied in the wireless context and faapacity of link(n,m) € £, which is the number of packets

Il. SYSTEM MODEL



per time-slot that can be transferred over that link. Alsa, | IV. ALGORITHMS AND RESULTS

Imaz denote the maximum number of links in any path or Gjyen the above model, a natural goal is to find the optimal
cycle in the network. SinceV| and|£| are finite,lmq. IS @  network resource allocation, i.e., to find the mean flow rate

finite integer. vectorx* satisfying:
We let 7 be the set of flows that share the network
resources. For each floy € F, let b(f) and e(f) de- x* € argmax » Uy(xy) 1)
note the source and destination ¢f respectively. Let us fer
define D as the set of destination nodes in the network, i.e., st. x €A

D ={de N :d=ef) for somef € F}. For each

Ea'rtr(]n’d> twhferﬂed < thn €N, anddnd;é tc.l’ I?.t er(@, d) that x* is unique. Now, let us describe an appropriate sub-
€ the set of Tlows wilh source and destinatiord, 1.€., optimal solution to the optimization problem (1). Speciliiga

F(n,d) ={f € F:b(f) =n,e(f) = d}. f 0.1 define th A as foll .
At each node, a queue is maintained for each destirfation”” any 5 € (0, 1], we define 1e sepA as follows:

We let ¢?[t] denote the length of the queue maintained at BA 2 {x:-x€A}

noden and storing packets that are destined to ndds the

beginning of time slot. The set3A can be viewed as the resulting set of flow rates
We assume that each flow has a utility function associat@ghen one takes only a “fraction? of the capacity region.

with it. The utility function of flow f, denoted byU;(-), is Then the g-sub-optimal solution x*(3) is defined as the

defined as a function of the data rate sent by fldwand optimal solution to the following optimization problem:
assumed to be strictly concave, non-decreasing, and twice

The strict concavity assumption of the utility functiongalies

differentiable. x*(8) € argmax » Ugs(zy) (2)
We now describe thenode-exclusive spectrum sharing ferx
model, also referred to as therimary interference model, st x e fA.

assumed in this paper. Under this interference model, a nodg tyis paper, we propose a joint congestion control, raytin

only communicates with at most one other node in any timg,q scheduling mechanism that achieves fhgub-optimal
slot. This means that the set of simultaneously active lisks 5),tion x*(B), for any given0 < 3 < 1 (see Theorem 2).

constrained to be anatching in G. We let[t] be the binary cryially, it does so while ensuring thate time/overhead
vector of length|Z| that denotes the set of active links atsuen to generate a new schedule for each slot is constant,
time ¢, with the convention thatr,,[{] = 1 if and only if jnqependent of the size of the network but dependent on

link (n,m) is active for transmission at time We introduce 3. Specifically, the overhead of the algorithm @(-L.)
the notationr?,  [¢] to distinguish packets destined to diﬁerenfndependent of the size\| of the network. 1-5

T ) PR : .
destinations: at time slat, 77, [t] = 1 if link (n,m) serves  \ye now present our main algorithms and results.
packets destined to node and~?,, [t] = 0 otherwise. Hence,

Tnmlt] = Z [t A. Routing and Scheduling
deD At time slot¢, we define then-differential backlog ford at
link as
Let M = {x',7%,-.. 7™M} be the set of all possible ink (n,m)
matching vectorsr in G. The capacity (or stability) region wl, [t] = com ((qi[t])a B (qfn[t])a) ’

A of the network is defined as the set of flow rates that are _ o - _
supportable by the network. It is known (in [5], [21]) thaigh Wherea is a system parameter which is positive. The weight
region A is given by the set of vectors = {as}, - for Oflink (n,m) at time slott is defined as

which there existg:.4, > 0, for all (n,m) € £ andd € D, Womlt] = max  wd [1]. 3)
such that: dql[t]>cnm
Cl) Forallde D,ne N, andn # d, Note that by lettingn = 1, we get back to the differential
J J backlog weight which is usually used in the literature. Henc
Z zf+ Z ChnMin = Z Cnmfnm,  the weight form that we consider here is more general. It is
fEF(n,d) k:(kn)eL m:(n,m)eL motivated by the recent work of Shah and Wischik [22] in
the context of switches showing that if we use Maximum-
C2) { > ud,, € co(M), Wieight Matching (MWM) algorithm with weights being in a
D (et similar “a-form,” then the delay performance will be improved

whereco(M) denotes the convex hull of the séd. Notice asa decreases to zero.

that condition (Q) is the flow conservation constraint at each Let wlt] = {wnm [t]}("=m>€.ﬂ be the yector of "T"‘ We_lghts,
" . .~ andr[t—1] be the old matching, used in the previous time slot.
node, and condition (&) captures the interference constraints a . . .
Also, let7*(w(t]) denote the optimal matching corresponding

10ur results can be easily adapted to the case when each flow fivasd to the weight vectonw[t], €.,

route in the network. In that case, each node maintains aegfieeleach flow * o
going through it. wlt] - (wlt]) = ﬂ%w[t] .



It is well-known that if the matchingr*(w[t]) is used at rate. While the instantaneous rate could be a non-negaale r
each step, then the resulting network throughput is optimaumber, the number of packets injected into the network has
However, computingt*(w[t]) is computationally prohibitive to be a non-negative integer which could be determined by
(the worst-case complexity i©(]A|?) [23] and it requires some complicated mechanism that converts rates to packets.
a centralized authority). Thus, in Section V, we present dnstead of modeling this conversion, at each time s|ahe
algorithm that approximates the maximum weight matchingumber of arrivals for flowf is assumed to be a Poisson
7* with a certain probability. This algorithm has low overrandom variable with mean;. The Poisson assumption is not
head, low complexity, and can be implemented in distributéchportant; any distribution with finite variance would woak
manner. It is parameterized by a paramétahat provides a well. This assumption can be easily relaxed in a number of
trade-off between performance and overhead. ways without affecting our main conclusions.

Let 7 [t] be the matching determined by our algorithm. When
the matchingr|t] is determined, if link(n, m) is scheduled
(i.e., mom[t] = 1), then in next time slote,,, packets of ) _
the commodityd that attains the maximum in (3) will be Theorem 1 na}turally aIIo_vvs us to estab_llsh the fol_lowmg
transmitted over link(n,m). The main result of the paperProperty of the joint congestion control, routing and saied
is the following theorem which establishes the properties 8'9orithm. _ _ o
our scheduling algorithm. Theorem 2: For any given0 < § < 1, if the joint con-

Theorem 1: In any time slot¢ and for any values of 9estion control, routing, and scheduling algorithm deémexti
‘ . . i i 28
(w[t], 7[t — 1]), there exists @ > 0 such that the matching @P0Ve is used with parametér > =3, then the queues
augmentation scheduling algorithm, operating using a fixdd the network are stable (i.e., the Markov chain of queue

k > 1, generates a matchingt] with the following properties: 0ccupancies is positive recurrent), and the source ratistysa

« The weight of new matching(t] is larger than or equal By

to the weight of old matching[t — 1], i.e., ];Uf(if) 2 fEZfo(xf(ﬁ)) L

wlt] - w[t] > wit] - wft —1]. (4) LT
o If > [l=ez=17 then with probability at least, «[¢] is where 7y = Am T ; Elzs[t]], and By, L are finite

an optimal weight matching corresponding to the Weig'&tonstants. Also. ifi > ﬁmm_l] then the above expression
vectorwlt], i.e., LT

also holds forg = 1. ’

wlt] - 7[t] = w[t] - 7 (wt]). Proof: Theorem 2 is a consequence of Theorem 1 and
can be established along the lines of the proofs in [15],424]
[27]. The reader is also referred to the related work in [28].

C. Fair Resource Allocation

o If k < [Lmez=1] then with probability at leasd, =[]

has weight at Ieasi% fraction of the optimal weight:  Fqr getails, see Appendix A. -
*
wit] - mlt] 2 & T 5 Wit - (wit])- V. THE MATCHING AUGMENTATION SCHEDULING
« The overhead in deriving a new schedule s+ 2 round ALGORITHM
trip times? In this section we present our algorithm for determining the
We will prove this theorem in Section VI. new scheduler[t] from (g;, w[t —1]). To do so, we will need a

few simple definitions. In the following we will abuse notati
. by letting = denote the matching as well as the associated
B. Congestion Control binary vector of lengthL|: 7,,,,, = 1 if and only if link (n, m)
At the beginning of time slot, each flow, sayf, has access is in the matchingr.
to the queue length of their first nodes, i@f((,f) [t]. Then,the  Recall that inT no two adjacent links can be active. An
instantaneous mean data ratg$t] of flow f is set as follows: augmentation A of a matchingr is a path or cycle in which
() 1\ every alternate link is inr, with the property that if all links
(qb(f) [’5]) in AN~ are removed fromr and all links inA\ = are added
L M to 7, then the resulting set of links will remain a matching in
G. This process of changing using A is calledaugmenting
where M, which is chosen to be large enough, represents thewith A, and the resulting augmented matching is denoted
largest possible value of the flow rates. The positive canistdy 7™ & A. The process is illustrated in the example below.
L will be used to guarantee convergence of the achieved rates

z¢[t] = min U}fl

to the fair allocation. In particular, we are interested le t M
performance of the system for larde |: .
Each source has to convert the instantaneous mean data rate !
determined by the congestion controller into a packet tigac o o
w[t — 1] A nlt]=rt-1]® A

20neround trip time is the amount of time it takes for a pair of neighbors
in the network to execute a basic two-way handshake. 3Here A \ m denotes the set of links id but not in.



The bold lines in the left-most figure indicate links —
1], the existing matching. The dotted lines in the central gur
indicate the links in augmentatiof. The bold-dotted lines are
in Anw[t—1], and the thin-dotted lines are i\ 7|t —1]. The
bold lines in the last figure are the linksit] = «[t — 1] @ A,
the new matching obtained by augmentirjg — 1] with A.

The size |A| of augmentationd is the number of links in
A. Two augmentationsl; and A, aredigoint if they have
no common links. This implies that can be simultaneously
augmented byd; and A, and still be a valid matching4 is
a set of digoint augmentations if every pair in A is disjoint.
Clearly, if A is a set of disjoint augmentations thend A
will be a matching inG.* Finally, for any timet, the gain of
an augmentatios to 7t — 1] is defined as

gaing(A) := Z Wy [t] — Z Wrm [t] a ]
(n,m)eA\w[t—1] (n,m)e Anw[t—1] ‘\/
(5) ©)] a (6)

Hence, gain;(A) represents the change in the weight olz, A ation building i \gorithm (€ e TneD indicat
_ PP R H 19. 2. ugmentation builaing In our algorithm (Example eLlIndicates

mlt —1] 'f_ I_t !S auQmented. byA_' Similarly, the galn. of a active nodes. Dashed lines are links aredinBold lines in the first 5 graphs
set A of disjoint augmentations is the sum of the gains eagke links inx[t — 1], and in the last graph are links [t — 1] & A. O
augmentation in that set. Here the weights are as definednidicates terminus.
3).

Our algorithm, with parameter value can be summarized
as follows: build a random set of digoint augmentations to

w[t — 1], each of size at most 2k + 1, and switch the ones with

" g
positive gain Node ¢ adds the link(c,d), because it is a new link in

In our algorithm, augmentations are built in a random . . :
_ . o t—1]. Then, in phase 4] becomes activel picks randomly
distributed fashion. We now present a simplified examp fom links (d, ¢) and (d, h). Say it picks(d, ).

to aid in the visualization of how our algorithm makes one Nodee would have become active as a result, but it has no

Node b can choose to add any one of the linksc) or
(b, f). Say it choose$b, c). So, for phase 3, nodeis active
andb is inactive.

zéugmelntatll?nA ion Building in the Ab ‘ further links to add to the augmentation. So it instead bexom
Czirtgpr)\t('eon. ugmentation Building in the SENce Ol ihe terminus of the augmentation.
[

. . , , ) __The net weight is communicated forward in each hop.
Consider Figure 2, which depicts our algorithm operatingarminuse then evaluates the gain

in phases on a simple graph. The bold links in the top left

graph of Figure 2 are the links of[t — 1]. gaing(A) = wWpelt] + Waelt] — Wap[t] — wealt]
In our algorithm, an augmentation begins akted and ends

at aterminus. This seed isactive in phase 1. When a node is

active, it tries to elongate its augmentatidrby adding links

as follows:

using the link weight information that has been passed on
alonga, b, ¢, d, e during the building of the augmentation. In
our example, it finds thajain,:(A) > 0 and decides to switch.
This decision is then passed on back along the lifkgl),

1) if the node has a link inr[t — 1] that is not already in (¢, ¢),(c, b) and (b, a) over the next 4 phases. Then, the links

4, it adds that link toA. in A are switched to obtain the final graph above, where bold
2) else, it adds a random new link tb. links are the ones in[t — 1] & A. ]

Every time a link is added, for the next phase the currently The above example illustrates the simple basic idea underly
active node becomes inactive, and the other endpoint of thg our algorithm, namely(i) randomly seed and grow disjoint
new link becomes active instead. augmentations, an(@i) switch all the augmentations that have
As seen in the first figure, nodeis the only seed and is POSItVE gain. . . .
active in phase 1. It adds lins, b) to its (currently empty)  The aboye example_ illustrated the augmentation building
augmentation in phase 1, sin¢e b) € «[t — 1] and it is not Procedure in an idealized network where it was the only

currently ina’s augmentation. For phase &,is inactive and augmentation. In an actual wireless network however, aug-
b is active. mentations are seeded at random. This means that there will
be multiple augmentations, which will have to contend for
47 & Ais = augmented by everyl € .A. The fact that the augmentations 2CC€SS to links while ensuring that they remain consistent (
are disjoint means that this can be done in any order. valid augmentations) and disjoint.
®The idea of using fixed-length augmentations to obtain apmrations e now succinctly describe the algorithm that constructs
to maximum-weight matching has been used previously (sge Rettie N .
[t] from (w(t], 7[t —1]). A more realistic, and more detailed,

and Sanders [29]) in a different, pure graph-theoretic ednto find an 7 . i . e
approximation to maximum-weight matching with linear cdexgty. example and a brief discussion follow the description.



In our algorithm each augmentation builds up in phases to seed, along the path of each augmentation. These
starting from a seed and ending in a terminus. For any phase, communications will be non-interfering. After phase
and nodev, let aug(v) denote the augmentation (if any) that 4k + 2, all nodes in augmentation implement decision.
is a part of in that phase. Also, the term “new link” for a node
v refers to any link(u,v) that is not already imug(v). For
any activev except the seed, one of its links will be dmg(v)
and all the others will be new. Similarly, a “new neighbort fo Note that in our algorithm there is a small but crucial

v is any node that shares witha link that is new forv. difference between links in[¢t — 1] and links outsider(t — 1]
with regards to the timing of link addition to an augmentatio

Specifically, a link inw[t — 1] is addedbefore a REQ is sent
(and irrespective of whether an ACK is received), while a

Discussion

Algorithm Description

1) Initialization: Before phase 1, link outside [t — 1] is added only after a REQ is seand
a) each node randomly decides to beseed with and ACK is received. This difference in timing ensures that
probability p. augmentations are consistent, i.e. whenever adigkr[t — 1]
b) Each seed chooses anended size for its augmen- is added toA, all the links in[t — 1] adjacent toe are also
tation, uniformly from the sef1, ..., k}. added toA.
The seeds are thactive nodes in phase 1. It is easy to see that our algorithm will ensure disjointness

2) lteration: Every seeds that has some links,7) € of augmentations. Consider the addition of a liftk u) ¢
7|t — 1] adds(s,) to aug(s) and sends a REQ to thew[t — 1] to aug(v) by an active node in some phase. This
corresponding- in phase 1. Every other seed sends Will only happen ifv sends a REQ ta: in that phase and
REQ along a random link. In each phase from 2 to responds with an ACK. Now, if; is already a member of
2k + 1, each active node tries to extend itsaug(v) a@n augmentation by that phase (including the case of it being
as follows: already a member odug(v) itself) thenu will not respond

a) If aug(v) needs a new linkr[t — 1], and if one with an ACK._ Also, if any other augmentation tries to add
such link (v,u) € =[t — 1] exists, then(v,u) is SOMe other Ilnk(w_, w) gé w[t — 1] at the same phase, then
added toaug(v). Also, v sends a REQ ta along nelther augmentation YVI|| be successful. Thus_no two adiice
(v, ). If no such link existsp becomeserminus. links outs@ew[t — 1] will .be part of augmentations. Thus all

b) If aug(v) needs a new link outside[t — 1], but &ugmentations are consistent and disjoint. Note of colnasie t
size(aug(v)) is already as intended, sends no @ny link (z,u) that is in«[t — 1] can be added to another
REQ and becomes terminus. Otherwisesends augmentation. This however does not hurt the disjointness.
REQ to a random, uniformly chosen, new neighbor. _We now il!ustrate how our algorithm works by means of a
If no new neighbor exists becomes terminus. ~ Slightly detailed example.

Contention: The REQs above may face contentions. Iﬁxamplg 2: lllustration of the A'Qori”?m ,
any phase if active sends REQ tav and Consider the network shown in Figure 3. The first graph

a) any another active also sends REQ te in that shows the schedule[t — 1] of the previc_>us time slot. The
. second graph shows the nodes active in phase 1, which are
phase, a:olhso_n occurs.w does not ACK, andy the seeds of the network. Assunke= 2 and also that the
becomes terminus. S intended size chosen by every seed is also 2. Note that the
b) If w is a useq nOdﬁ’ |.e(.j it is already pardt of active nodes that have a link im[t — 1] incident on them
ggcggngerﬁg:?nt:ﬁﬂét ew does not ACK andy immediately include i'g in their augmentations, and als_odsen
. : . - the REQ along that link. Other active nodes do not include
¢) It w is unused and there 'S ho 90"'5'0”’ the'};my links in their augmentations, and send REQs at random.
w sends AC.llT tt)m;. The I|n}< (U.’ w)h|s addedhto Since all REQs went to different targets, there were no
gzg(:ai:f}bvglcom(aecﬁlrgsti\?gwe In the next p aS€ollisions and so there are four new nodes active in phase 2.
: o o Again the newly active nodes that have a new linkrjn— 1]
Every node that becomes terminus is inactive in SubS@gjgent on them immediately add it to their augmentatiod an

quent phases. . send REQs along them. Other newly active nodes send REQs
3) Termination: After 2k + 1 phases, every terminus 4t random.

checks the following three conditions We see that two of the REQs sent in phase 2 will collide.

a) ifitis adjacent to its seed, This means that the corresponding transmitters of thedealli
b) !f aug(w) began and ended_ Wl_th links m[t_ — 1], REQs will become terminus of their augmentations, which
c) if aug(w) has not reached its intended size.  then stop growing. The other two augmentations continue

If all of above are true, linKw, v) is added tawug(w). growing.

Also, in either case, every terminus evaluates In phase 4, the active node at the bottom sends REQ to

gain(aug(w)) and makes the decision of switching ifa used node (its own seed in this case). Hence, it does not

and only if gain;(aug(w)) > 0. receive an ACK, and becomes the terminus. The other active
4) Back-propagation and Switching: Switching decision node in phase 4 adds its link without problems. However, the

is relayed back in phas@# + 2 to 4k +2 from terminus addition of another link to this augmentation would make it



of the algorithm can be implemented).

The probabilityp in the above algorithm is a parameter that
can be chosen by the system designep i$§ too high, there
will be too many seeds in the network which will result in
too much contention and not enough augmentationg. i
too small, there will not be enough seeds to ensure a good
enough set of augmentations.

VI. PROPERTIES OF THESCHEDULING ALGORITHM

In this section, we present the proof of Theorem 1. Recall
that wit] is the vector of link weights at time and * (w|t])
is the optimal matching fow[t]. For Lemmas 1-3, we drop
the indext, with the understanding that = w[t] andw =
wft —1].

Lemma 1: Given any vectow of queue lengths and exist-
ing matchingr, there exists a sed* of disjoint augmentations
of 7 such that:

o If o> [lmez=1] then

(roA*)-w = 7%(w) W
o If k< [tmaz=1] then

g T

and every augmentation iA € A* hassize(A) < k.

Lemma 1 says there exists a “good set* of augmen-
tations where each augmentation is not too large, and that
augmentingr using the set represents a certain amount of
® gain. We build up towards the proof of Lemma 1 by designing

, _ o _ a candidate se#* having augmentations of size at mdst
Fig. 3. The working of our algorithm in phases (Example 2)ldBlines We will then prove the gain it represents is as claimed by
in first seven graphs are links in[t — 1], in the last graph are links in
[t]. Dashed lines are links in augmentatioRSdenotes active nodes aq@@ Lemma 1.
denotes terminus nodes. Arrows depict the REQ signals ih phase. The symmetric difference S := 7= A 7*(w) of matchings
m and 7*(w) is the set of links that are in exactly one of

or 7*(w). Links that are in both or in neither are excluded
exceed its intended size. Thus after the addition the neve nGebm 5. Consider the grapley’ := (V, S) containing only

becomes terminus and does not further add links. the links in S. Since eachr is a matching, a vertex i’
After the last phase 5, note that one of the augmentationgs degree at most 2 and each connected componefit of

(the bottom one) satisfies the conditions in step 4 of the either an alternating path or even-length cycle. Alschea

algorithm, namely: it began and ended with linksrii—1], its  component is an augmentation.fso we can define the size

seed and terminus are joined by a link notrift — 1] and the of a component in the same way as we defined the size of an
addition of this link does not violate the intended size. Shuaugmentation ofr.

this link is added to get the final set of disjoint augmenta&tio For any component' of S, let C; := C' N 7*(w) denote
after phase 5= 2k + 1). the links of C' in the optimal matching and’; := C N7 be
These augmentations are switched depending on their gaihe. links in the current matching. Note th@; and C, are
In our example, two of the four augmentations are switchefiso matchings irG' and the term<’; - w andCs, - w are as
and the other two are not. The switching decisions are rdlaygefined before for matchings. Also note thate(C) = |C}].
back in phases 6 to 10, after which the switching happenswe build the setd* from S by finding a suitable setlc
The final graph depicts the resultingt|. B in each component of S. The following two lemmas ensure
The example illustrates the fact that without possible #s¢ | this can be done.
link addition in the “termination” part of the above algdmin, Lemma 2: If any componentC of S is a path (i.e., not a
we would not be able to build augmentations that are (smatijcle) then there exists a setc of disjoint augmentations
cycles. such that
Note that the information relayed on at each phase does nof) EveryA € Ac is contained inC, and hassize(A) < k.
grow with k& or the network size: indeed, all that is needed is 2) If k> {lmanl] then
the net gain of the augmentation up until the current phase,
and the identity of the first node (so that the terminatiort par gain(Ac) =Cr-w —Cy - w.

(T®A")-w > (

.



] B 3) If k < [fmez=1], then
*—e r—e k
2 10 gain(Ac) > ——=C1-w—Cy-w
*r— k + 2
¢ s Note that the ratio @— instead oka as it was for paths.
) f - Proof:
L . If size(C) < 2k + 1, set Ac = {C} and we are done.
. . Specially, if i > [L=ez=1] thensize(C) < k for every path
o’ o —eo —0— C of S.

Fio 4. The path on the left " 6ot 5. with non-bold link Now consider cycle€ in S with size(C) > 2k + 2. Let
ig. e path on the left is a path compon with non-bold links ; : ;
denotingC; = C N «*(w) and bold ones foCy = C N x. Links in Cy e € Cy be the link with the sma"eSt weighto. [ ] = We [t]
are numbered, andl = 2. C'is cut up starting at link number 2, going anti-for all ¢’ € . Consider patFC C — e, and define’; :=
clockwise, to obtain the setlz on the right. Note thatd> contains disjoint (' ) 7 (w) and and02 — On w[t] as before. Obviously,
augmentations of size at most= 2 Cy = C’2 Also, sincee was chosen to be the link @0, with
smallest weight andC; | = 2249 > k41,
max 1
3) If k< {—-I then & - |Cy | c - k_|_1c
. W . 'W —_— . 'W
M TO N N

Also, by Lemma 2, there exists a srétg of disjoint augmen-
tations of size at mostk + 1 in C' such that

gam(Ac)>kLCl w—Cy W

Proof:
If C is small, withsize(C) < 2k + 1, then letAc = {C}

be the set containing only. This obviously satisfies all of the > L@l cw—Cy-w

g o 2TD . gain(Az) =
above conditions, sincguin(C) = C; -w — Cy - w. Specially, k+1
if k> [Lmez=L] thensize(C') < k for every pathC' of S. S _k </€ + 101 > L Cyew
Now consider a patiC' with size(C) > 2k + 2. Starting T k+1\k+2
from any endpoint of the path, number all links @\. Let k
e1, s, ... be the links inC;. For the first fewe;, 1 < i < k+1, Tkt 201 w—Cz-w
build a set.4; of disjoint augmentations by deleting everySettmgAc — A proves the lemma. -

th
(k+1) I_mk n .Cl starting V\_"Fhez.' |_e_ link ¢y, i de_leted i We are now ready to build the set*: for each component
and only ifm —i = 0 or m — i is divisible byk + 1. Figure 4 . ) . :
shows this process for a simple example. After the deletlon(’; of 5 add toA" the augmentations in the corresponditg
whereA¢ is as specified by Lemmas 2 and 3 for paths and

each remaining fragment @f will be an augmentation of,
. i cycles respectively. We are now ready to prove Lemma 1.
and will have size at mostk + 1. These fragments together )
Proof of Lemma 1:

make the setd; of disjoint augmentations. L
§ ) 9 Let A* be as constructed above. Its gain will be the sum

Consider now the setd, ..., Ax+1, made from the links . ) A
e1,...,er+1 above, respectively. It is clear that each link i f the gans of e?Ch 91f thelc’s of which it is composed.
herefore, ifk < [%} , then we have:

C5 will be a member of alk + 1 of these sets, and each link
gain(A*) = Zgain(Ac)

in C1 will be a member oft of the sets. Recall from (5) that
the gain of any se#d is the weight of all its links outside
. . e : c
minus the weight of all its links inr. Thus, L
o (Y] (Te)
gain(A;)) = kC1-w—(k+1)Cy-w c

Y

= {m(w) - w — (7" (w) N7) - w}

which means that there exists at least gr&ich that kE+2
3 —{r-w—(7"(w)Nm)- -w}
; o> . — .
gain(A;) = ) Cl w—Cy-w > —kiQW*(w)-w—w-W
Setting Ac = A; proves the lemma. [ ]

Lemma 2 shows the existence of a good set of disjoitherer™(w) N is the matching consisting of links that are
augmentations in path components$fWe now use this to in both7*(w) and . X
prove a slightly weaker result for cycle componentsSof Similarly, if & > [f=az=1] | then

Lemma 3: If component” of S is a cycle, then there exists
a setAq of disjoint augmentations such that

1) Every A € A¢ is contained inC, and hassize(A) < The lemma’s proof follows from the fact that

2k + 1.
2) If k > "M—‘ then ga'm(A*) = (71' D A*) W — T W

gain(A*) = 7 (w) - w—m-w

gain(Ac) =C1-w — Cy - w. by definition. [ |



Now that we have shown the existence of a suitable4set
all we need to do to prove Theorem 1 is to uniformly lower
bound the probability of the algorithm generatidg.
Proof of Theorem 1:
Recall that in our algorithm a disjoint set of augmentations
A is created and the ones with positive gain are switched to
obtainr[t] from =[t — 1]. Thus,

wlt] - wlt] > (n[t —1]® A) - wlt]

So, it suffices to lower bound
P[A = A*|w[t], n[t — 1]] Fig. 5. Network Topology.

by a quantity that is independent ¢ [t], 7[t — 1]) but can

depend on graph structure akd Note of course thal® IS jigorithms. In these simulations we compare our algorithm
not mdependent O'tw,[t]’ mlt —1]). ) to the following algorithms:
We will now provide a very naive lower bound to the

above probability. Let = |A*| be the number of disjoint
augmentations in4*. Choose one node in each of these
augmentations as follows: if the augmentation is a pathoséo
one of its endpoints, and if it is a cycle choose any node. Let®
£ be the event thadll of the following are true:

« Maximal Matching MM: at every time step a maximal
matching is generated and links in this matching are
made active while others are made inactive.

(Delayed) Max-weight Matching MWM: everyt time
steps, the max-weight matching, with weights being the

. the algorithm generated — A*, queue lengths, is chosen as the schedule. This schedule

L is then used for the subsequerdteps.
« the only seeds active in phase 1 are the nodes chosen a . P
above. and Note that both of the above algorithms, at least as statesl her
« each augmentation’s intended length (chosen at its se@t’ff as simulated by us, are centralized. .
is equal to the actual length of that augmentation in t is natural to compare our algorithms to the existing

A* (i.e., no augmentation is a result of a cutoff due tgonstant-overhead algorithms [1]-[3]. Each of these algo-
contention). rithms essentially tries to emulate Maximal Matching via

enhanced contention resolution. So, for our simulations, w
compare our algorithm directly with the Maximal Matching
P[A = A*|w[t],n[t — 1]] > P[E|w]t], [t — 1] algorithm itself, with the implicit understanding that tper-
) ) .. formance of MM would be better than that of the existing
We now lower bound the right hand side. The probabilitynstant-time protocols. All of these algorithms, inchgithe
that tr}e nodes tlurn active or remain inactive as specified B¥najized Maximal Matching algorithm, can guarantee at
€is p'(1 —p)"~". Further, the p_rc;bat_)lllty that the intended,qg half of the capacity region, and hence from the capacity
lengths are exactly as chosenAis’, since they are chosen,jie\noint they araot comparable: our algorithms can capture
gnlforml_y_from 1,_. .., k. Finally, we need e_:ach of the randonhny fractionk /(k + 2) of the capacity region for any > 1.
link-addition choices (step 2 of the algorithm) of each dg thyy emphasize that in this section we compare only the delay
abovel augmentations to exactly parallel the CorreSpondi'}%rformance.
ones inA”. There are a total of at mostsuch choices to be * o, 550rithm has constant overhead in each scheduling
madei and the pr_obablllty O_f each being the correct one 'Sc@cle, and hence the long-term overhead is also constant. If
least 5, whereA is the maximum degree of the %raph. ThuRowever, one is only interested in tiveaker requirement that
the pr(_)babmty of _correct link choices is at least™. the long-run overhead be low, one could use a potentially
Putting everything together, we have that more complex algorithm to find a schedule, and then use the
PlEIwW[t], w[t —=1]] > p'(1—p) lklAT™ schedule for a long time Farm_rtize_ the complexity. Suph
» \" 1—p\" an approach may be feasible in high-speed router switches,
min{l, (1 — ) } ( A ) but it presents significant implementation and coordimatio
_ _ _ _ p_ _ challenges for wireless networks. We discuss these in @ecti
The right hand side of the last inequality is now independént vIii; in the present section we only consider the delay perfo
(w[t], x[t —1]), providing us with the required uniform lowermance of one such high-complexity algorithm — max-weight
bound. Settingy = Inin{l, (L) } (152)" completes the matching — when it is delayed in this fashion. Max-weight

Clearly,

Y

jp kA . . ;
proof of the theorem. g m Mmatching has been observed, both in theory and practice, to
have very good delay performance.
VII. SIMULATIONS We ran our simulations on a simple grid network, shown

_ ) . . in Figure 5. The network is an 11x11 grid with 121 nodes
In this section, we investigate the performance of our class

F)f algprithms .Via simulations. The primary purpose of this egecall that amaximal matching is any matching to which no link can be
investigation is to look at the delay performance of ouidded without removing an existing link.
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Fig. 6. Performance comparison to MM.

. . . Fig. 7. Performance comparison to delayed versions of MWM.
(represented by circles) and 220 links (represented bg)line

Each link has the unit capacity, i.e. it can transmit one ahit

data in one time slot, when active. The data arrival modesis gerformance. This seems to suggest that performance may not

follows: on each link, in each time-slot, one unit of datav@®s ¢ 190 sensitive to thexact choice of the parameter.

with pro_bability equal to the load on the link; otherwise, no |, Figure 7 we compare our algorithm to delayed versions

data arrives. . of the MWM algorithm. For example, MWM-100 corresponds
Link loads in our example are parameterized)pyand are 4 the algorithm where a max-weight matching is found every

either(0.1\ or_O.?_/\, as marked in the figure. Itis clear, fromthe;gg time slots, and the resulting schedule is used for the

nqde-excluswe interference model, that the capacityoregf subsequent 100 slots. MWM-1 corresponds to finding the

this network corresponds % < 1. The numbers).1 and0.7 max-weight matching in every time slot; this is a very high-

thus specify thedirection in which we are investigating the .o mpexity algorithm, and as can be seen, as very good delay

capacity region, while\ specifies theaxtent of the capacity performance even close to capacity. The simulation running

region that is captured along that direction. _ “time in this case is a million slots. As expected, averagaydel
Figure 6 compares the performance of our algorithm witicrease when the delayof MWM-t increases; conversely,

that of maximal matching (MM). We plot the average maxpe amortized complexity decreasestdacreases.

imum queue backlog of all links in the networks, in terms Finding the max-weight matching can take as longas?)

of A, after 43000 time slots. Our algorithm has been rufme in the worst case. Note that= 121 in our simulations,

for the cases(k = 2,p = 0.2}, {k = 3,p = 0.2}, and \yhich makesn? quite a large number. Hence, amortizing to

{k= 3’1’ - 0.1}. ) . get constant long-run overhead means that schedules would
Notice first of all thateven small-k implementations of our e ypdated after very long intervals. In practice finding the

algorithm can stabilize higher loads than MM in reasonable  \yw\ may be much faster; in our simulations we compare

networks like the one in the simulation. In particular, while g, algorithm, with parameters arbitrarily fixed /at= 3 and

both MM and our algorithm fok = 2 both guarantee only ., _ 4’9 19 MWM-t. with delay valuest = 1,100, 200, 300

half the capacity region in the worst case, in the simulatiaf},q 400 (values much smaller tha), T

ourk = 2 algorithm achieves close to 100% throughputlwhile Each MWM4 is a capacity-achieving algorithm, and hence

MM achieves only closeoto 85%. Also, the fact thlat:.Q_ls has lower delays when the load is very close to capacity.

already so close to 100% means that 3 performs similar 5 ever, for most moderate values of loads, our algorithm

to & = 2 in terms of achievable capacity. It however does haye, ¢ |ower delays than all except the un-delayed MWM-L1.

a slightly better delay performance. _ _Also, higher (but fixed) values df in our algorithm may lead
Also observe that for small loads our algorithm has highgf smajier delays even at rates closer to the capacity. These

queue sizes as compared to MM. This is because MM ensULGs, ations suggest that the probabilifyin Theorem 1 of

t_hat every link w.iII be scheduled, or there will be an inteirfig forming a matching of requisite weight is quite consenativ
link scheduled instead. When loads are low, the number of

interfering links is small because the corresponding gseue
are empty for large portions of the time. This leads to good
utilization. Ours algorithms are randomized, and do notiems  The algorithms in this paper pertain to the primary interfer
maximal usage. However, our simulations indicate that tlemce constraint, a widely-used model for wireless scheduli
gueue lengths of our algorithms are not unreasonable. However, it is not the most general model, and indeed it would
The parametep of a node becoming a seed is a frede very interesting to see if the ideas in this paper can be
parameter that can be set by the designer. Our simulatiandended to cover more general interference models, like 2-
seem to indicate that for reasonable valuesppthe exact hop ork-hop. The crucial innovation would have to be a way
value does not seem to have an overwhelming effect tmgenerate “local” updates to the existing schedule, shah t

VIII. DISCUSSION
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the probability of a local update achieving any given frawti APPENDIXA
(8 of the max-weight schedule will be non-zero. For primary PROOF OFTHEOREM 2

interference, we used the augmentation structure of magshi | this appendix, we prove Theorem 2. The proof is along

to do this. Augmentations are an alternating structure, afkk jines of [15], [27]. The main difference being that the-ge

one would need to find similar alternating structures for énogrgjization of the back-pressure algorithm requires it

general interference cases (e.g., one can find similanalieg \york to complete the proof.

sets between two independent sets in a graph). ~ Note that the packets travel hop-by-hop, i.e., packetsearri
The main motivation of this paper was to develop scheduliRg the next queue after departing from the previous queue.

algorithms which can be implemented without explicit rejarence, we assume the following convention for the dynamics

for the network it is deployed on. A crucial ingredient ofti&® of the queues: at any time slatbased on the schedutet —

the requirement of constant overhea_duary time a schedule 1], the departures from queues happen at the beginning of

needs to be developed. However, if one is only concemgfhe sot, then the arrivals at the end of time slot. Thus, the

about long-runaverage overhead, one could conceive runeyolytion of queue lengths is governed by the following sule
ning a high-overhead algorithm infrequently, thus amargz

+
the complexity but raising the delay. This poses significant J J
problems because, unlike in switch scheduling, in a wigeles dalt +11 = [ ailtl— > commi, [t —1]
implementatior(a) the computations are decentralized, do) mi(n,m)€L
the same resource is used for the _overhead transmissions and + Z aplt] + Z v [t —1], (6)
the data service. For example, an implementation of inkeatu FEF(n.d) kr(kmyeL

max-weight matching would need to detect when the glo%?éwerea [t] is the number of flowf’s arrivals in time slott
R . . f 9
max-weight matching has been reached, and then globally di t—1] is the number of packets, destined to destination

d
seminate this information to all nodes. A little thought wiso and’#mh[ wall . i Notice that
that these steps require network-wide coordination Whogew ich are actually sent over linkn, m). Notice tha

implementation would require complicated protocols. Hina ve 1t —1] < cpmml [t — 1].
Section VII shows that our algorithm, run every slot, congsar A . i i
favorably in terms of delay, as compared to infrequently run e have thaty[t] = (q[t], x[t — 1]) defines an irreducible

max-weight matching (except for rates extremely close ﬁpd aperiodic Mark_ov chain. Then, let us consider the follow
capacity). ing Lyapunov function:

Our algorithm is based on the idea of making local chang 1 dratl N +
to an existing schedule; each local change results in apaser ¥) = 1+a Z Z (gn)""" + [(W (B (w) —m))
in the weight. This idea has its origins in the work of Tasssul deEDneN Valy)

[7]; in that paper a new schedule is globally compared with Vi(y)

the existing one, and the better one is chosen. This globalve first state two lemmas, and then prove them. The proof
comparison leads to a complexity growing in network siz¢, baf Theorem 2 follows thereafter.

allows the full capacity to be achieved. In our paper, theialu  Lemma 4: There exist positive constantsand B, such that
step is to ensure that local changes are guaranteed to have A

some non-zero probability of capturing the required fraeti  21(Y[t) = EMW(y[t+1]) = Vi(y[i)ly[t]

of the maximum weight. —Vi(y )]+ Va(yt]) + B2

IX. CONCLUSIONS +LY  Up(aglt]) = LY Us(a3(8)).
fer fer

Lemma 5: There exist constant8s and B, such that

2

IN

This paper presents a novel class of simple distributed
wireless scheduling algorithms. Our algorithms can achiev
any fraction of the capacity region for data transmissiom a As(y[t]) 2 E Va(y[t + 1)) — Va(y[t) |y [t]]
require constant overh_eads thgt do not scale Wl_th netwaek si —6Va(y[t]) + Bsy/Va(y[l]) + Bu.
Our results are also interesting from a practical standpoin
due to simple structure of our algorithms, and our expliciwhered is defined in Section IV-A.
accounting of the tradeoff between overhead and scheduling Proof of Lemma 4:
performance. First, consider any queugwith the following updating rule:

_The obje(_:tive of this_ paper is to design simple algorithms glt+1 = (qlt] — plt)* +alt]
with appealing properties, not to announce a complete wire-
less protocol ready for implementation. In particular,efar = qlt] Zplt +alt] + ult],
studies need to be done to arrive at the valuekothat [t]
would give the best_ performance in practige. This will m@'whereu[t] = —q[t]+u[t] i q[t] < u[t], andu[t] = 0 otherwise.
depend on the maximum length a scheduling cycle can haveyye would like to get the bound df[t + 1])@+1 — (g[¢])**!
given mobility and other aspects of the network that havg; follows.
been abstracted away in our model. An interesting avenue for
possible algorithmic investigation is to see how our idedepa (gt + 1) = (gt])
to designs for more general interference constraints.

IN

(qlt] + 2[h™+ = (glt)
(o + 1) (q[t)™ x[t]
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whereg|t] is real number satisfying thaft] < ¢[t] < ¢[t]+z[t] Next, note thak*(3) is within the regionsA. By definition

if z[t] > 0, or q[t] + =[t] < q[t] < q[t] if x[t] < 0. Hence, of the capacity region, there exists a vec{mnm}dfi)eﬁ
(qlt] = amaz)™ < G[t] < q[t]+ amas Whereay,q, is the upper- sych that
bound ofqlt] for all ¢. Also, let y,q. be the upper-bound of

ZfGF (n,d) ZC? (6) =0 ('ugut(n) 'u’zdn(n)) Whereuzn(n)
and 'uout(n) are defined similarly tm n(n) and ¢
respectively; and,

wlt] for all ¢.
One can show (by considering separately two cases when
q[t] > pimaz @nd wheng(t] < pq.) that

out(n)’

| M|
(glt + 1) — (gt o . {Z uim} =D o', UM ai <1, ai > 0,Vi.
— < (qlt)* (alt] - pft]) + s = <
(q[t)h> Therefore, we have:
T a2k
(402 = =83 3 @1)” ) (ot (wIE)
where m; = «d?,,, max {1, (1 + Zm”) } , and dEDnj } }
max _ * t _ + ‘ )
m2 = Gmax (amam + Mmaw)a + M%{Z;' Tin(n) (W[ ]) Hout(m) T Hin(m)
Now, to simplify the notation, let us define: ﬁ/‘:
< Bl1-) a T (W[t])
A A nm
Trzdn(n) = Z Cknﬂ-gn ) 7-‘-gut&(n) = Z Cnmﬂ-gm i=1 (n,m)eL
k:(kn)eLl m:(n,m)eL X Cpym, NAX ((qg [t])a _ (qm[t])a)
Since IE[af[ 11, an(n)[ ], and Trout(n) [t] are all upper-

bounded, we apply (7) for the quetg!) with updating rule where the last inequality is becaus&(w][t]) is the optimal

in (6) to get: matching givery[t]. Following similar steps as in [5, p. 1947],
we can get:
oD (| Yo sl Y ComM (wt]) max (g3 — (g [t))
deD neN feF(n d) (n,m)eL
+ wfm[t—ll oyt = 1] 1 [ V1<y[t]>r_“ -
(n) t( ) } > T (1+a) DIV (nf%l)neﬁcnm.
+ Z Z Tl a2 ke Thus, there exists a positive constarguch that
deDneN
D . 8 aF1
+ |D[|N]ma (8) (11) + (12) < —[D|IN] [(1+Q)V1(y[t])] '
Manipulating (8) by adding and subtracting terms, we have: | DIV
Ax(y[t]) Finally, we can rewritg(13) + (14) as
e — LY U 9
= fEZ;(qu erf plaslt R
-3 bé}?[ Da3(B) + LY Up(a3(8)) (10) = Y Y [t wit]) = wl - 1]
feFx FeF deD (n,m)eL
e < Y (Bl = munlt — 1) wamlf]
—3 <wm>} + Z@:g;[ e (5) (12) (nmes
rer < Va(ylt])-
* deZDnGZ/\/ Gl [ Tl =11 = O“t(") b= 1]} (13) Combining these results yields:
- )83 t]) — mxd )| (14 V; aHT
e 1% il (1) =il O] 09 gy < oy [(1 +a) |2>(f|//[tv]|)]
+ LY (Uplaslt) = Up(a3(6)) +L Y Uplaglt) — L Z Uy (@5(3))
fer JeF fe]—‘
]
+2L3)§ i Lat02mar) + DI ) ZN I{qdmm} )
Wherewl*j(n)( w(t]) andm*?, n)( w(t]) are defined similarly to +/Va(ylt]) + |D||j\/|m2_
and 77 respectively.

nllélrst by the 8ongestlon Control algorithm (Section Iv-B), NOW: fix & constan€ such thatd < ¢ < e. It is easy to
we have tha(9) + (10) < 0. see that if¢ > K; where K; := max {umaz, %} then



m ~ .
"2 L g>pmant < € — € Therefore, we have:

o D||IN|K
1) < (-9 S @) Tpapory + VKL
deDneN Fmaz
Also, note that Jensen’s inequality yields:
1+a o
> S < [Brev]
|D||N| ot DIV
Therefore, after some manipulation, we get the result
M) < -y DT + VAT + B2
+LZUf :Ef —LZUf :Ef
feF feF
where
v = E(DINDTE (14 o),
K
By = |D||N| <m2+ m : > :

Proof of Lemma 5:
Givenylt] = (q[t], [t — 1]), let £3 be the event

{wlt] - n[t] > pwlt] - 7 (wlt])} .

Then,
E[Va(y(t + Dy (t)]

= PlEly(O)]E[Va(y(t +1))ly(t), €5
+PEGly ()] E[V2(y(t + 1))y (t), £5]
0.P[Esly ()] + (1 = 6)E[Va(y(t +1))|y(2), £5]
= (1- )[{(ﬁw*(W[tJrl]) 7[t])

wit + 1]}y [t], £5]

Next, we write the evolution of the weight vecter|t] as

IN

wlt + 1] = wt] + r[t] — z[t],
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Proof of Theorem 2: Combining the results of Lemmas
4 & 5, we have:
N

Ay[t) = E[V(y[t+1]) = V(yIDIyt]
< VA =T — 6Va(y[t])
+LY  Up(aglt]) = LY Us(a3(8))
ferx feF
+(1+4 B3)\/Va(y[t]) + Bo+ Bs.  (16)
Sincexs[t] < M,Vf € F,Vt, there exists a constabt,,
such thatUs(zf[t]) < Upas, Vf € F,Vt. Thus,
AW £ VAT = 0Va(ylt) + LIF|Una

+(1+ B3)/Va(y[t]) + B2 + By.

Let us consider the sdty : V(y) < K} which is a finite
subset of the state spaceyfWe will show thatV (y[t]) has
negative drift outside this set, fdf large enough.

If V(y[t]) > K thenVi(y[t]) > (K — Va(y[t]))t, and
hence, the above inequality becomes

Y _a Y _o
Al = —gMEI=T - —[(K—Vz( [t]))ﬂa“
+(1+ Bs) \/Vgi §Va(y[t]) + Bs,
whereBs; = Ba+ By + L|F|Uppq.- Now, for K Iarge enough,

we can get the bound:

0 > —%[(K—Vz(}’[f]))Jr]%“-f-(l—i-Bs) Va(y[t])
—6Va(y[t]) + Bs.
Thus, A(y[t]) < - 2[Va(yltD)]=  if Vi(y[t]) > K.

Given this condition, Foster’s criterion implies the stdpiof
the Markov chainy|[t], and thus, of the queueg [t]'s
Next, note that we can easily find a constéfit such that
B > —[Vi(y[t)]= — oVa(ylt])

+(1+ B3)/Va(y[t]) + B2 + By.

Then, inequality (16) becomes:

Aly[t]) <Bi+ L)Y Us(aslt]) =LY Us(a}
wherer[t] denotes the vector of packets addedwf| and (vt) < B 7; r(arlt]) 7; r(@3(8))
z[t] denotes the vector of packets subtracted frofr]. Note K tati ¢ both sid d o
that both of them are upper-bounded. Hence, we can write E)Fallng expeclz aw'gnsef oth sides and summing ower
E[Va(y(t + 1)y () ’ -
< (1 S)E[{w[t)(Br* (wlt + 1)) - =[t]) E[V(y(T) - V()] < LY > EU(zs[1)
+(rft] - 2[t]) (8" (wit + 1)) — 7[t]) |y [t], €5] 1=0 fer
We have that the latter term is upper-bounded by a finite _LTZ Us(=3(B)) + T By
constant. To bound the first term, we have the foIIowmg 1er
observations: E[V(y(T))]
— E[U( > Uy + —
o wli]-m*(wlt+1]) < wlt]-7* (wlt]) sincer* (wlt]) is the T;; slasdh] = j; 1@ (9) LT
optimal weighted matching corresponding to the weight E[V(y(0)] B
vectorwlt]. —— 7 I
o wW[t] - w[t] > wlt] - w[t — 1] by the inequality (4).

Combining these, we can find finite positive constaBis B,
such that

EVa(y(t+1ly(®)] < (1 —9)Va(y[t]) + Bsv/Va(yl[t]) + Ba,

which completes the proof. [ ]

Taking the limit asI” goes to infinity, and applying Jensen'’s

inequality, we get the result;

> Ug(zy)

> S U (e) - o
fer

feF



(1]

(2]

(3]

(4

(5]

(6]

(7]

(8]

El

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

REFERENCES

X. Lin and S. Rasool, “Constant-time distributed scHewdyu policies
for ad hoc wireless networks,” iRroceedings of |[EEE Conference on

[24]

[25]

Decision and Control, San Diego, CA, December 2006, pp. 1258-1263.

A. Gupta, X. Lin, and R. Srikant, “Low-complexity distiited schedul-
ing algorithms for wireless networks,” iRroceedings of IEEE INFO-
COM, Anchorage, AK, May 2007, pp. 1631-1639.

C. Joo and N. Shroff, “Performance of random access sdimed
schemes in multi-hop wireless networks,” Proceedings of IEEE
INFOCOM, Anchorage, AK, May 2007, pp. 19-27.

B. Hajek and G. Sasaki, “Link scheduling in polynomiaing,” IEEE
Transactions on Information Theory, vol. 34, no. 5, pp. 910-917, 1988.
L. Tassiulas and A. Ephremides, “Stability properties constrained
queueing systems and scheduling policies for maximum timut in
multihop radio networks,"|EEE Transactions on Automatic Control,
vol. 37, no. 12, pp. 1936-1948, December 1992.

N. McKeown, V. Anantharam, and J. Walrand, “Achieving 0%0
throughput in an input-queued switch,” Proceedings of IEEE INFO-
COM, vol. 1, San Francisco, CA, March 1996, pp. 296-302.

L. Tassiulas, “Linear complexity algorithms for maximuthroughput
in radio networks and input queued switches,”Aroceedings of |IEEE
INFOCOM, vol. 2, San Francisco, CA, March 1998, pp. 533-539.
P. Giaccone, B. Prabhakar, and D. Shah, “Towards simpligh-
performance schedulers for high-aggregate bandwidthclest” in
Proceedings of IEEE INFOCOM, vol. 3, New York, NY, June 2002,
pp. 1160-1169.

T. Weller and B. Hajek, “Scheduling non uniform traffic & packet
switching system with small propagation delaifZEE/ACM Transac-
tions on Networking, vol. 5, pp. 813—-823, December 1997.

J. G. Dai and B. Prabhakar, “The throughput of data dweiscwith and
without speedup,” irProceedings of IEEE INFOCOM, vol. 2, Tel Aviv,
Israel, March 2000, pp. 556-564.

X. Lin and N. Shroff, “The impact of imperfect scheduiron cross-
layer rate control in multihop wireless networks,” Proceedings of
IEEE INFOCOM, vol. 3, Miami, FL, March 2005, pp. 1804-1814.
S. Sarkar and K. Kar, “Achieving 2/3 throughput approation with
sequential maximal scheduling under primary interferecmestraints,”
in Proceedings of Allerton Conference on Communication, Control and
Computing, Monticello, IL, September 2006.

E. Modiano, D. Shah, and G. Zussman, “Maximizing thropgt in
wireless networks via gossiping ACM SIGMETRICS Performance
Evaluation Review, vol. 34, no. 1, pp. 27-38, June 2006.

A. Brzezinski, G. Zussman, and E. Modiano, “Enablingtdbuted
throughput maximization in wireless mesh networks: A piarting
approach,” inProceedings of ACM MOBICOM, Los Angeles, CA,
September 2006, pp. 26-37.

A. Eryilmaz, A. Ozdaglar, and E. Modiano, “Polynomiabroplexity
algorithms for full utilization of multi-hop wireless netwks,” in Pro-
ceedings of IEEE INFOCOM, Anchorage, AK, May 2007, pp. 499-507
Y. Yi, G. de Veciana, and S. Shakkottai, “Learning catien patterns
and adapting to load/topology changes in a mac schedulgayitim,”
in Proceedings of WiMesh, 2006.

X. Wu and R. Srikant, “Regulated maximal matching: Atdiuted
scheduling algorithm for multi-hop wireless networks witiode-
exclusive spectrum sharing,” iRroceedings of the IEEE Conference
on Decision and Control, December 2005, pp. 5342-5347.

P. Chaporkar, K. Kar, and S. Sarkar, “Achieving queuggth stability
through maximal scheduling in wireless networks,” Rnoceedings of
Information Theory and Applications Workshop, UCSD, February 2006.
X. Wu, R. Srikant, and J. Perkins, “Queue length stgbitif maximal
greedy schedules in wireless networks,”Rroceedings of Information
Theory and Applications Workshop, UCSD, February 2006.

S. Ray and S. Sarkar, “Arbitrary throughput versus clexity trade-
offs in wireless networks using graph partitioning,” Rroceedings of
Information Theory and Applications Workshop, UCSD, January 2007.
M. Neely, E. Modiano, and C. Rohrs, “Dynamic power adition and
routing for time varying wireless networkslEEE Journal on Selected
Areas in Communications, vol. 23, no. 1, pp. 89-103, January 2005.
D. Shah and D. Wischik, “Optimal scheduling algorithrfas input-

[26]

[27]

(28]

[29]

14

A. Stolyar, “Maximizing queueing network utility subjt to stability:
Greedy primal-dual algorithm,Queueing Systems, vol. 50, no. 4, pp.
401-457, August 2005.

A. Eryilmaz and R. Srikant, “Fair resource allocation wireless
networks using queue-length based scheduling and coogesintrol,”
in Proceedings of |IEEE INFOCOM, Miami, FL, March 2005, pp. 1794—
1803.

——, “Joint congestion control, routing and MAC for sility and
fairness in wireless networksEEE Journal on Selected Areas in
Communications, vol. 24, no. 8, pp. 1514-1524, August 2006.

M. Neely, E. Modiano, and C. Li, “Fairness and optimaldtastic con-
trol for heterogeneous networks,” Proceedings of IEEE INFOCOM,
Miami, FL, March 2005, pp. 1723-1734.

X. Lin and N. Shroff, “Joint rate control and scheduliiry multihop
wireless networks,” irProceedings of IEEE Conference on Decision and
Control, Paradise Island, Bahamas, December 2004, pp. 1484—-1489.
S. Pettie and P. Sanders, “A simpler linear time 2/8pproximation
for maximum weight matching,'nformation Processing Letter, vol. 91,
no. 6, pp. 271-276, 2004.

Loc X. Bui received his B.S. degree in Electron-
ics and Telecommunications from the Posts and
Telecommunications Institute of Technology at Ho
Chi Minh City in 2003, and his M.S. and Ph.D. de-
grees in Electrical and Computer Engineering from
the University of lllinois at Urbana-Champaign in
2006 and 2008, respectively. Since October 2008,
he has joined Airvana Inc., where he currently is
a Software Engineer. His research interests include
communication networks, wireless communications,
network control and optimization.

Sujay Sanghavijoined the faculty of Electrical and
Computer Engineering (ECE) at Purdue University
in Fall 2008, as an Assistant Professor. Prior to that,
he spent two years as a postdoc in the Laboratory for
Information and Decision Systems (LIDS) at MIT.
Sujay got his PhD in ECE in 2006, MS in Mathemat-
ics in 2005, and MS in ECE in 2002, all from the
University of lllinois at Urbana-Champaign. Prior
to that he got his B. Tech from I[IT Bombay in
2000. Sujay’s research interests lie in probability,
algorithms and optimization, as applied to large-

“scale problems in communications, networking, and signatgssing.

R. Srikant (S'90-M'91-SM'01-F'06) received his
B.Tech. from the Indian Institute of Technology,
Madras in 1985, his M.S. and Ph.D. from the Univer-
sity of lllinois in 1988 and 1991, respectively, all in
Electrical Engineering. He was a Member of Tech-
nical Staff at AT&T Bell Laboratories from 1991 to
1995. He is currently with the University of lllinois

at Urbana-Champaign, where he is a Professor in the
Department of Electrical and Computer Engineering,
and a Research Professor in the Coordinated Science
Lab.

He was an associate editor of Automatica, the |IEEE Trarm@tion

Automatic Control, and the IEEE/ACM Transactions on Nekimg. He has
also served on the editorial boards of special issues of B 1Journal on
Selected Areas in Communications and IEEE Transactionsntrnhation

queued switches,” iRroceedings of IEEE INFOCOM, Barcelona, Spain, Theory. He was the chair of the 2002 IEEE Computer Commubitsit

April 2006.

H. N. Gabow, “Data structures for weighted matching aedrest com-
mon ancestors with linking,” ifProceedings of ACM-SAM Symposium

on Discrete Algorithms (SODA, San Francisco, CA, 1990, pp. 434-443.

Workshop in Santa Fe, NM and a program co-chair of IEEE INF®IC2007.
His research interests include communication networkshststic processes,
queueing theory, information theory, and game theory.



