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Abstract

The back-pressure algorithm is a well-known throughputro@l algorithm. However, its delay
performance may be quite poor even when the traffic load isctude to network capacity due to
the following two reasons. First, each node has to maintaeparate queue for each commodity in the
network, and only one queue is served at a time. Second, tlegrassure routing algorithm may route
some packets along very long routes. In this paper, we presdumions to address both of the above
issues, and hence, improve the delay performance of thefir@ssure algorithm. One of the suggested

solutions also decreases the complexity of the queueirg staictures to be maintained at each node.

. INTRODUCTION

Resource allocation in wireless networks is complicateel uthe shared nature of wireless medium.
One particular allocation algorithm called thack-pressure algorithmvhich encompasses several layers
of the protocol stack from MAC to routing was proposed by Tas and Ephremides, in their seminal
paper [1]. The back-pressure algorithm was shown tthlmighput-optimali.e., it can support any arrival
rate vector which is supportable by any other resource aiiloe algorithm. Recently, it was shown that
the back-pressure algorithm can be combined with congesbatrol to fairly allocate resources among
competing users in a wireless network [2]-[7], thus prawida complete resource allocation solution
from the transport layer to the MAC layer. While such a comablirlgorithm can be used to perform a
large variety of resource allocation tasks, in this paperwil concentrate on its application to scheduling

and routing.

L. Bui and R. Srikant are with ECE Dept. and CSL, Universityliihois at Urbana-Champaign. A. Stolyar is with Bell

Labs, Alcacel-Lucent, NJ. Emails: locbui@ifp.uiuc.edstikant@illinois.edu, stolyar@research.bell-labs.com



Even though the back-pressure algorithm delivers maximnaoughput by adapting itself to network
conditions, there are several issues that have to be addrbs$ore it can be widely deployed in practice.
As stated in the original paper [1], the back-pressure #lgorrequires centralized information and
computation, and its computational complexity is too phbithie for practice. Much progress has been
made recently in easing the computational complexity anividg decentralized heuristics. We refer the
interested reader to [8], [9] and references within for saeeent results along these lines. We do not
consider complexity or decentralization issues in thisgpapur proposed solutions can be approximated
well by the solutions suggested in the above papers.

Besides complexity and decentralization issues which heseived much attention recently, the back-
pressure algorithm can also have poor delay performancanderstand that, we consider two different
network scenarios: one in which the back-pressure algorithused to adaptively select a route for each
packet, and the other in which a flow’s route is chosen upawahty some standard multi-hop wireless
network routing algorithm such as DSR or AODV and the badspure algorithm is simply used to
schedule packets. We refer to the first caseadaptive-routingand the second case &ged-routing
respectively.

We first discuss networks with fixed routing. The back-presslgorithm assigns a weight to each
flow on each link. The weight is equal to the flow’s queue bagldb the transmitter of the link minus
the flow’s queue backlog at the receiver. The weight of a lmlequal to the maximum weight of any
flow that uses the link. The back-pressure algorithm theecsel schedule which maximizes the sum of
the weights of the links included in the schedule. Under sarclalgorithm, for a link to be scheduled,
its weight should be slightly larger than zero. Now, let uagider a flow that traversés links, and use
an informal argument to show why it is very intuitive that thew’'s total queue accumulation along its
route should grow quadratically with the route length. Thewe length at the destination for this flow
is equal to zero. The queue length at the first upstream node the destination will be some positive
number, saye. The queue length at the second upstream node from the dastinéll be even larger
and for the purposes of obtaining insight, let us say that #i Continuing this reasoning further, the
total queue length for the flow will be(1 +2 + ... + K) = ©(K?). Thus, the total backlog on a path
is intuitively expected to grow quadratically in the numinérhops. On the other hand, suppose a fixed
service rate is allocated to each flow on each link on its pén the queue length at each hop will
be roughlyO(1) depending on the utilization at that link. With such a fixedvae rate allocation, the
total end-to-end backlog should then grow linearly in thenber of hops. However, such an allocation

is possible only if the packet arrival rate generated by dhwi is known to the network a priori. One



of the contributions of this paper is to use counters cadleadow queuemtroduced in [10] to allocate
service rates to each flow on each link in an adaptive fashitimowt knowing the set of packet arrival
rates.

We will also show that the concept of shadow queues can rettieceumber of real queues maintained
at each node significantly. In particular, we will show thasisufficient to maintain per-neighbor queues at
each node, instead of per-flow queues required by the baxdspre algorithm in the case of fixed routing.
In large networks, the number of flows is typically much largempared to the number of neighbors
of each node, thus using per-neighbor queues can resultgirifisant reduction in implementation
complexity. A different idea to reduce the number of queuesagh node has been proposed in [11], but
the implementation using shadow queues has the additi@madfiv of delay reduction.

Next, we discuss the case of adaptive routing. The backspresalgorithm tends to explore many
routes to find sufficient capacity in the network to accomniedhe offered traffic. Since the goal of
the algorithm is to maximize throughput, without considgriQuality of Service (QoS), back-pressure
based adaptive routing can result in very long paths leatbingnnecessarily excessive delays. In this
paper, we propose a modification to the back-pressure #lgonvhich forces it to first explore short
paths and only use long paths when they are really neededctmmacodate the offered traffic. Thus,
under our proposed modification, the back-pressure algorgontinues to be throughput-optimal, but it
pays attention to the delay performance of the network. \We edfer the reader to a related work in
[12] where the authors use the same cost function as us, &nféhmulation is different and hence their

solution is also different.

II. SYSTEM MODEL

Let us consider a network modeled by a graghs (N, £), where\ is the set of nodes and is the
set of links. We assume that time is slotted, with a typiacaletisiot denoted by. If a link (n,m) is in
L, then it is possible to transmit packets from nodéo nodem subject to the interference constraints
which will be described shortly.

We let F be the set of flows that share the network resources. Padketslo flow enter the network at
one node, travel along multiple hops (which may or may notdermined), and then exit the network
at another node. For each flofve F, let b(f) denote the begin (entering) node, an(d) denote the
end (exiting) node of flowf.

We define a valid schedule = <c71r,c72r,...,c|72‘) to be a set of link rates (measured in terms of

number of packets) that can be simultaneously supportete M@t due to the interference between



links, for eachw, somec] could be zero. Moreover, we make a natural and nonresgiegsumption
that if 7 is a valid schedule, then if we replace any subset of its comapts by zeros, the modified
schedule is valid as well. We also assume #fats upper-bounded by soms,,, for any and!. Let

" be the set of all possible valid schedules, an") denote the convex hull df.

If the routes of flows are not predetermined, i.e., wlaalaptive routingis used, then theapacity
region A of the network is defined as the set of all flow rates which aggpsttable by the network.
Tassiulas and Ephremides [1] have shown that {)\f}fef eANif

o there exists @ = {fnm} (e € co(I),

« for any link (n,m) € L, there exists some aIIocatio{wam}fef such thatu,m, = 3 e r L

and

« for any noden € N, for all flows f € F, n # e(f),

MTmmb(p)y + D Moy = D Mo
(k.n) (n,m)
The termufm can be interpreted as the long-term average rate that(tink:) allocates to serve flow
f- Note that the equation in the third bullet above is simply ldne of flow conservation.

Now, if the routes of flows are predetermined, i.e., whiged routingis used, then for eacli € F,
let L(f) denote the set of links forming the route ff The capacity regionA of the network is defined
as the set of all flow rates which are supportable given a sowt and their corresponding routes. In
the case of fixed routingh = {As},_ - € A if there exists au = {y},c, € co(I") such that

> Ap<m, Vel
FHLEL(S)

The traffic in the network can belasticor inelastic If the traffic isinelastig i.e., the flows’ rates are
fixed (and within the capacity region), then the goal is toteechedule the traffic through the network
while ensuring that the queues in the network are stablenhdfttaffic is elastic then the goal is to
allocate the network’s resources to all flows in some fair neginMore precisely, suppose that each flow
has a utility function associated with it. The utility furan of flow f, denoted byU,(-), is defined as
a function of the data rate; sent by flowf, and assumed to be concave and nondecreasing. The goal,
in the case of elastic traffic, is to determine the optimalsoh to the following resource allocation
problem:

max Z Ug(zy) 1)

fer
sit. z €A,



where A is the capacity regiondescribed above.

It has been shown that, fanelastic traffic, the back-pressure algorithm tisroughput-optimal Fur-
thermore, forelastic traffic, a joint congestion control and back-pressure rmiticheduling algorithm
has been shown to be able to solve the resource allocatidiiepno(1). However, as we mentioned in
Section |, the delay performance of such algorithms can hie guoor. In the subsequent sections, we

describe our architectures and algorithms in detail.

[1l. THE SHADOW ALGORITHM

In this section, we consider networks with fixed routing, @ndpose an architecture to reduce delays
and reduce the number of queues maintained at each node. dihéd®a is to use a fictitious queueing
system called thehadow queueingystem to perform flow control and resource allocation inrtevork
while using only a single physical FIFO queue for each outgdink (also known as per-neighbor
gueueing) at each node. The idea of shadow queues was io¢da [10], but the main goal there
was to extend the network utility maximization framework fwireless networks to include multicast
flows. However, one of the main points of this work is to showttshadow queues can be useful
even in networks with unicast flows only for the purpose ofaglaleduction. Further, the idea of using

per-neighbor queueing and establishing its stability & here.

A. Description

The traditional back-pressure algorithm requires the guength of every flow that passes through a

node to perform resource allocation. The main idea of thel@aalgorithm is to decouple the storage
of this information from the queueing data structure regplito store packets at each node. The details
of the shadow algorithm are described as follows.
Queues and Counters: At each node, instead of keeping a separate queue for eacladlanvthe back-
pressure algorithm, a FIFO (first-come first-served) queumaintained for each outgoing link. This
FIFO queue stores packets for all flows going through theesponding link. When a node receives a
packet, it looks at the packet’s header: if the node is noffitted destination of that packet, it will send
the packet to the FIFO queue of the next-hop link; otherwitseill deliver the packet to the upper layer.
We let P,,,,,[t] denote the length of the queue maintained at [inkm) and at the beginning of time slot
t.

Each node maintains a separat@adowqueue (i.e., a counter) for each flow going through it. Qé{t]

be the length of the shadow queue (i.e., the value of the eguat flow f at noden at the beginning



of time slott. The shadow queues and real queues are updated according schtduling algorithm
described next. Note that each node still needs to keep aadepghadow queue for every flow going
through it, but these are just counters, not actual physjgaties. A counter is much easier to implement
than a physical queue.

Back-pressure scheduling using the shadow queue lengths: At time slot¢,

« Each link looks at the maximurshadowdifferential backlog of all flows going through that link:

Wpm|t) =  max It - QL) 2
=, max (Q - QL) @
« Back-pressure scheduling:
T t] = max e W [t]. (3)
(n,m)
o A scheduler” = (cf,c3, ... ,c‘”ﬁ') is interpreted by the network as follows: liflk, m) transmits

cr., shadow packets from the shadow queue of the flow whose difiafebacklog achieves the
maximum in (2) (if the shadow queue has fewer thgp packets, then it is emptied); link:, m)
also transmits as many real packets as shadow packets fsomat FIFO queue. Again, if the
number of real packets in the queue is less than the numbearednhitted shadow packets, then all

the real packets are transmitted.

We recall that shadow queues are just counters. The actidmamismitting shadow packets” is simply
the action of updating the counters’ values. In other wotttansmitting” £ shadow packets fronj%

to Q{; means that we subtraét from Q£ and addk to Q% From the above description, it should be
clear that the shadow packets can be interpreted as permith wllow a link to transmit. Unlike the
traditional back-pressure algorithm, the permits are @ased with just a link rather than with a link and
a flow.

Congestion control at the source: At time slot ¢, the source of flowf computes the rate at which it

injects packets into the ingresbadowqueue as follows:

—1 C?l]:(f) 1]

xf[t] = min Uf M sy Tmaz (5 (4)

where z,,,, iS an upper-bound of the arrival rates, andl is a positive parameter. The source also
generates real traffic at raféx,[t] where 3 is a positive number less than If z; and gz, are not

integers, the actual number of shadow and real packets afjedecan be random variables with these
expected values. Since the shadow packets are permitslknatraal-packet transmission, from basic

qgueueing theory, it follows that the actual packet arriatermust be slightly smaller than the shadow



packet arrival rate to ensure the stability of real queuds fgarametef is chosen to be less thanfor
this purpose. As we will see later in simulations, the queagkimg in the network would be smaller for
smaller values of3.

The above description of the shadow algorithm applies tetielaraffic. For inelastic traffic, the same
shadow algorithm can be used without congestion controlergure stability of the real queues, if the
real arrival rate of an inelastic flow is;, the shadow arrival rate for this flow must be larger thagn
For example, if we wish to make the shadow arrival rate lathan the real arrival rate by a factor
of (1 + €), it can be accomplished as follows: for every real packewvalrigenerate a shadow packet.
Generate an additional shadow packet for each real pacltetprobability e. This procedure ensures
that the shadow arrival rate will b@ + ¢) times the real arrival rate. For the algorithm to be stalfle, t
set of arrival ratefA¢(1 + €)} must lie in the interior of capacity region.

Alternatively, the shadow algorithm for inelastic traffiarcbe implemented slightly differently if we
are willing to tolerate packet loss: fix the shadow arrivaérfor each flow and regulate the arrival rate
of real packets to be a fractigh of the shadow arrival rate. For example, if the rate of shadaivals
in a time slot isAy, then one can inject real packets according to a Poissonbdistm of meanjsA;.
The real packets could be stored in a queue at its ingress aadedrained at this rate to inject into the
network. If the mean real arrival rate is larger thanimes the mean shadow arrival rate, then the real
packet buffer at the edge of the network will overflow leadiogpacket loss. Packet loss is unavoidable
for inelastic flows unless the arrival rate is less than thgac#y that the network is willing to allocate
to the flow. The shadow arrival rate in this case should beghbaf as the network-designated capacity
for a flow.

We note that the concept of shadow queues here is different the notion of virtual queues used
in [13] for the Internet and in [5] for wireless networks. letworks with virtual queueing systems, the
arrival rates to both the real and virtual queues are the shuate¢he virtual queue is drained at a slower
rate than the real queue. Instead, here the arrival ratdsetoetal queues are slightly smaller than the
arrival rates to the corresponding shadow queues. Thidesdifterence is important in that it allows us

to use per-neighbor FIFO queues and prove stability in ainmgdtwireless network in the next section.

B. Stability of the shadow algorithm

In this subsection, we establish the optimality and stigbdf the real and shadow queues. First, we
note that the optimality of the resource allocation and thbikty of shadow queues follow from previous

results in the literature. In particular, we have the foilogvtheorem.



Theorem 1:The shadow-queue-based congestion control and scheddjogthms described in Sec-
tion IlI-A above asymptotically achieve the optimal ratéoahtion, i.e.,
=
lim =Y " Efz[t] = 2* + O(1/M), (5)
wherez* is the optimal solution to (1). Furthermore, thleadowqueues are stable in the sense that the
Markov chain of shadow queu&3[t] is positive recurrent and the steady-state expected vaifiése

shadow queue lengths are bounded as follows:
> E(Qf[o]) = O(M).
n7f

Proof: The proof of this theorem was presented in [3], [6], [7], amhde, is omitted here. &
The remaining goal is to prove the stability of the real queiNdote that the sources are sending real
traffic with smaller rates than shadow traffic, and we knowt tha shadow queues are stable. However, it
does not automatically mean that the real queues are stabell since each of them is an aggregated
FIFO queue storing packets for all flows going through itsegponding link. Fortunately, we can apply
results from the stochastic networks literature to estatiihe following result.

Theorem 2:The process describing the joint evolution of both shadod r@al queues,

((@i[t})fmw; (Pu [tb(n,m)&) |

is an irreducible, aperiodic, positive recurrent Markowich Therefore, the real FIFO queues are also
stable.

The proof is based on the fluid limit approach and a result gni&on [14]. In his paper, Bramson
proved that fluid models of Kelly-type FIFO queueing netwake stable as long as the nominal load on
each server is strictly less than its capacity. Thus, théchdsa of the proof is as follows. The random
process describing the behavior slfiadowqueues, under the joint congestion control and scheduling
algorithm (running on the shadow system), is positive nemir(as specified in Theorem 1). Therefore,
the averageservice rate on each netwolikk that the shadow algorithm yields is strictly greater tham th
nominal load of the link due to the thinning of actual traffispreover, the (random) cumulative amount
of service provided on each link up to tintesatisfies the functional strong law of large numberst as
goes to infinity. As a result, if we take tHkiid limit of the process describing real FIFO queues, it has
exactly same form as if each network link would have constamt-time-varying capacity (equal to the
average rate provided by the shadow algorithihen, this fluid limit is stable by the results of [14],
which implies stability of the process of real queues. Theofis details are presented in Appendix A

just for the purpose of completeness.
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Fig. 1. The linear network with\V links.

Note that the real traffic throughput will always be slighéignaller than the optimal solution to (1),

but this difference from the optimal solution can be madatiantily small by adjusting the parametgér

IV. PERFORMANCE COMPARISON. BACK-PRESSUREALGORITHM VERSUS THESHADOW

ALGORITHM

In this section, we compare and contrast the performancéseofraditional back-pressure algorithm

and the shadow algorithm for networks with fixed routing.

A. Elastic traffic under the traditional back-pressure aligfom

We present simple calculations in this section to get sorekfée the performance of the traditional
back-pressure algorithm when it is used with congestiortrobnDeriving expressions for the queue
backlog for general-topology networks seems quite hardyes@onfine our discussions to the case of a
linear network withV links as in Figure 1. There a®¥ + 1 flows sharing this network: one flow (indexed
0) goes through allV links, andN other flows (indexed to N) where each of them goes through each
link. The capacity of each link ig, and for simplicity, we assume that there is no interferene®vben
links.

Let z; and U;(-) denote the rate and the utility function floiy respectively. The network utility

maximization problem we would like to solve is as follows:

N
max ZU,—(JU,—)
i=0
st. xo < pon,
Ho,i < H0o,i+1,5 Z‘:17"'7]\[_1a

i+ pos < ¢, i=1,...,N,

where i ; is the resource that link allocates to serve flow.
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If the utility is logarithmic (proportional fairness), i,d/;(x) = log(x), then one can easily compute the
optimal rates and optimal queue lengths (which are the lragranultipliers) for the above optimization

problem as follows:

Lo = Ho,1 = = HKo,N N1l

. . Nc

T4 = =X =

1 N ﬁJ{—l’

* * * }V+—1 .

q; :q07i_q07i+1:—Nc 72:1,...,N, (6)

whereg; andgg ; are the optimal queue lengths maintained at nofte flow ¢ and flow0, respectively.

Then, the end-to-end total queue length for flows

N N
., N+l (N+1)?
ZQO,i:—NC 222720 =0 (N?).
i=1 =1

For a more general class of utility functions which model médaclass of fairness concepts [15],

wl—a
U = , > 0,
(@) 11—« “
we still have similar results:
To = o1 =--- = HoN =© (N‘l/a> ;
i =...=xy =06(1),
q;'k ZQS,i—QS,i+1 :@(1)7 i=1,...,N, (7)

which again lead t§_}" | ¢5; = © (N'2) . As mentioned in the Introduction section, if a fixed rategéar
than its arrival rate) is allocated to each flow, then theltgteeue length in this network is expected to

increase as the order of instead of N2.

B. Inelastic traffic under the traditional back-pressurgaitithm

In the previous subsection, we showed that the combined-paagdsure and congestion control algo-
rithm for elastic traffic can lead to quadratic end-to-enéwging delay in terms of the number of hops.
It is interesting to see whether such a behavior can also bereéd in the case of inelastic traffic, i.e.,
the flows’ rates are fixed, and the traditional back-pressigerithm is used. The following theorem
establishes an upper-bound on the end-to-end queue badcklagy flow.

Theorem 3:Consider a general topology network accessed by a set of fidthsfixed routes. Let

Knaz be the maximum number of hops in the route of any flow, I€,,, = maxy |L(f)|. Suppose the
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arrival rate vector\ is such that, for some > 0, (1 + €)X lies in the interior of the capacity region of
the network. Assume that the arrival processes of the flosratependent of each other, independent
from time slot to time slot, and have finite second momentsrJlihe expected value of the sum of

gueue lengths (in steady-state) along the route of any flaswbounded as follows:

1 b
E Z QfL[OO] < +€_"7:‘K72na:v ) vf €f7
€ As
neR(f)
where constant > 0 depends only o, .
Proof: The proof is presented in Appendix B. [ |

While the above result is only an upper bound, it suggests|tiagiratic growth of the total flow queue

length on the flow route length. The simulation results shownrt validate such quadratic growth.

C. Simulation results for inelastic traffic

To illustrate the queue length behavior under back-presalgorithm in the case of inelastic traffic,
we simulate the linear network in Figure 1. We chodée-= 40, i.e., the network hagl nodes andl0
links, with no interference between links. Each link hasazaty 10, i.e., it can transmit up ta0 packets
per time slot. Let\y be the fixed rate of flovd, and \; be the fixed rate of flows,2,...,40. We know
that the back-pressure algorithm will stabilize the netwas long as\g + A1 < 10. We let the sources
send shadow traffic at fixed rates, and send real traffic at a slightly smaller rat&;, with 5 € (0, 1).

Figure 2 shows the mean queue lengths of all queues maidtaneach node when, = 5 and
A1 = 2.5. The value ofg here is0.99. We see that the shadow queue lengths of floimcrease nearly
linearly when going from the end node to the begin node, whdekls to a quadratic growth (in terms of
the number of hops) of the end-to-end queue backlog. Moreaxe also see that the real FIFO queue

lengths are significantly reduced, even with a small amaduinning of traffic (%).

D. Simulation results for elastic traffic

In this subsection, we investigate the performance of ttedel algorithm with elastic traffic in a
network with a more complicated topology than a line. In igatar, we consider a grid network as shown
in Figure 3. We assume that all flows have a logarithmic wtfliinction, i.e.,.Uy(xs) = log z for all f.
The network had6 nodes (represented by circles) atllinks (represented by dash lines). We assume
a simple one-hop interference model under which a matchingpe graph represents a valid schedule.
Each link has a capacity d, i.e., it can transmit up ta0 packets in one time slot if scheduled. There

are 48 flows (represented by arrows) sharing this network.
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Fig. 2. The queue lengths at each node in the linear netwdrigiare 1. The solid-line boxes are the lengths of shadow egieu
of flow 0 (the long flow) maintained at each node. The dash-line boresha shadow queue lengths of flowys =1, ..., 40,

(the short flows) at nodé, respectively. Finally, the dot-line boxes are the real Fii®ue lengths at each node.

Fig. 3. A grid network with16 nodes,24 links, and48 flows. Links and flows are represented by dash lines and solisvs,
respectively.
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Fig. 4. The evolutions of total shadow queue length and t&al queue lengths with different values @fover time.

We implement the shadow algorithm as described in SectieA With the paramete/ = 1000. In
Figure 4, we plot the evolution of total shadow queue lengith tatal real queue length for several values
of parameterd (the total queue length is the sum of all queue lengths in #tevark). Note that the
shadow queue length is also the queue length of traditioneltdpressure scheduling without the shadow
algorithm. The figure indicates that the total real queugtlerwith the shadow algorithm decreases
dramatically compared to the traditional back-pressugerthm. Since the shadow queue length is very
large compared to the real queue lengths, it is hard to seadiual values of the real queue lengths in
the figure, so we present some numbers from the simulatiores héter a half million time slots, the
total shadow queue length is arougl000 while the total real queue lengths are only ab2@a0, 800,
and 500, when g is 0.99, 0.97, and 0.95, respectively. Thus, significant gains in performance can be
realized at the expense of a small loss in throughput (repted by the parametér— ). Note that the
traditional back-pressure algorithm can perform poorlg du many reasons: (i) As in Section IV-A, if
the number of hops for a flow is large, then the queue backlagreaease quadratically. (i) The choice
of the paramete\/ in the congestion control algorithm (see Equation (4)) eadIto queue backlogs
of the order of M (see the upper bound in Theorem 1 and simulation results])n (i5) A separate
gueue is maintained for each destination. The shadow #igorsolves all of these problems at once by

“reserving” capacity between each source-destination pai, for each flow.
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V. MIN-RESOURCEROUTING USING BACK-PRESSUREALGORITHM

In this section, we consider wireless networks where eaahdlooute is not pre-determined, but is
adaptively chosen by the back-pressure algorithm for eaadkgi. As mentioned in the Introduction
section, the back-pressure algorithm explores all pathtkémnetwork and as a result may choose paths
which are unnecessarily long and may even contain loops,l#ading to poor performance. We address
this problem by introducing a cost function which measutes tbtal amount of resources used by all
the flows in the network. Specifically, we add up traffic loadadinlinks in the network and use this as
our cost function. In the case of inelastic flows, the goahtiseto minimize this cost subject to network
capacity constraints. Due to the nature of the cost funciiora network with links of equal capacity,
shorter hop paths will be preferred over longer hop paths.

In the case of elastic flows, one can maximize the sum of flolitiesi minus a weighted function
of the cost described above, where the weight provides adafabetween network utility and resource

usage. Since the solutions to both problems are similar, nige gresent the inelastic case here.

A. Description

Given a set of packet arrival rates that lie within the cayamgion, our goal is to find the routes
for flows such that as few network resources as possible aé. dhus, we formulate the following

optimization problem:

min Z Unm (8)
(n,m)
st ANTin—p()y + Z ,ugn < Z ,uflm, Vfe F,neN,
(k,n) (n,m)

{:U’nm}(n,m)eﬁ € CO(F)v

Whereufzm is the rate that link(n, m) allocates to serve flow, i.e., unm = Zf ufm, and Ay is the
fixed rate of flowf. An algorithm that asymptotically solves the min-resourgeting problem (8) is as
follows. (It is a special case of the algorithm in [3], whehe tscaling parametdr/M is called.)

Min-resource routing by back-pressure: At time slot ¢,

« Each noden maintains a separate queue of packets for each destindtits length is denoted

Q%[t]. Each link is assigned a weight

Wnft] = ma (%Qi[ﬂ - Lani- 1) , ©)

where M > 0 is a parameter (having the same meaning as earlier in thisrpap
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« Scheduling/routing rule:

= 10
¥ t I?Eal?‘i Z anwnm ( )

« If the scheduler* says, for example, to semﬁm packets over linkn, m), then link (n, m) transmits
up to cT,. packets from the queu@? to Q¢, for the destinationl achieving the maximum in (9).
Note that the above algorithm does not change if we replaeenmtbights in (9) by the following,

re-scaled ones:

womt] = max (QA[ — Q1) = M) (11)

deD
Therefore, compared with the traditional back-pressutedualing/routing, the only difference is that
each link weight is equal to the maximum differential bagkiinus parameted/. (M = 0 reverts the
algorithm to traditional.)

The performance of the stationary process which is “produbg the algorithm with fixed parameter

M is within O(1/M) of the optimal (analogously to (5)):

(n,m) (n,m)
where p* is an optimal solution to (8). However, largéd means largetO(M) queues and slower
convergence to the (nearly optimal) stationary regime. @ndther hand, “too small}M results in a
stationary regime being “too far” from optimal, and queuep large for that reason. Therefore, a good
value for M for a practical use should be neither too large nor too sr@alt. simulations confirm these

intuitions.

B. Simulation results

We ran a simulation for a network wit nodes,10 links, and2 flows as in Figure 5. We assume
the node-exclusive spectrum sharing interference modge], @éach node can only communicate with at
most one other node in any time slot. Each link has a capatity) avhen activated. Flovd enters the
network at node3 and exits at nodd, while flow 1 enters at nodé and exits at nodé. Note that the
flows’ routes have not been prespecified, and the describeeeaddgorithm with parametel/ is used.

We fix each flow’'s rate at valug. It is easy to see that under the node-exclusive spectruninghar
interference model, the back-pressure algorithm canlst@tthe network as long as < 10. The arrival
processes are Poisson, i.e., the number of arrivals for fi@ghat each time slot is a Poisson random
variable with mear\. Each simulation run wasmillion time-slots long and0 such runs were performed.

The results reported are averaged over thEsauns.
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Fig. 5. A network with8 nodes,10 links, and2 flows. Each link has a capacity ab. Flow 0 enters at nod8 and exits at

node4, while flow 1 enters at nodé and exits at nodé.

Table | shows the rate allocation of each link to each flow wtienvalue of) is fixed at5.0 and for
M =0, 10, and20. Note thatM = 0 corresponds to the traditional back-pressure algorithe séé that
the traditional back-pressure algorithm uses all linkshie hetwork, while our modified back-pressure
algorithm (with M = 10 or M = 20) essentially uses only link3, 4) for flow 0 and link (1, 6) for flow
1 (which are the min-resource routes for these flows).

We then turn our attention to the queue backlog (the sum afusle lengths) in the network. Figure 6
shows the queue backlog in the network corresponding tmwarvalues ofA. We see that the queue
backlog of our modified back-pressure algorithm with = 10 is significantly smaller than that of the
traditional back-pressure algorithm. However, whehis increased t®0, the delay performance gets
slightly worse. This result confirms our observation abbettrade-off in choosing the value &1 which

is discussed at the end of Section V-A.

VI. CONCLUSIONS

In this paper, we have proposed a new shadow architecturnpoove the delay performance of
back-pressure scheduling algorithm. The shadow queugstgra allows each node to maintain a single
FIFO queues for each of its outgoing links, instead of keg@nseparate queue for each flow in the

network. This architecture not only reduces the queue bagcidr, equivalently, delay by Little’s law)



THE LINK'S RATE ALLOCATION FOR NETWORK INFIGURE 5 WHEN EACH FLOW' S RATE ISA = 5.0.

TABLE |

M=0 M =10 M =20

Link | Rate for | Rate for | Rate for| Rate for| Rate for | Rate for
(n,m) flow 0 flow 1 flow 0 flow 1 flow 0 flow 1
(0,1){ 1.9492 | 1.9671 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(1,2)| 1.9759 | 1.5622 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(0,3)| 1.9055 | 2.0058 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(1,6)| 0.0563 | 2.2417 | 0.0000 | 4.9998 | 0.0000 | 5.0001
(2,4)| 1.4913 | 2.4595 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(3,4)| 2.2504 | 0.0466 | 4.9993 | 0.0000 | 4.9996 | 0.0000
(3,5)| 1.5551 | 1.9881 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(4,7)| 1.2590 | 2.0853 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(5,6)| 2.3592 | 1.5055 | 0.0000 | 0.0000 | 0.0000 | 0.0000
(6,7)| 2.0094 | 1.2535 | 0.0000 | 0.0000 | 0.0000 | 0.0000
300

250

200

Total queue length
[N
(o)
o

Fig. 6. The sum of all queue lengths of the

10

network in FigureoBeasponding to various values af

17
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but also reduces the number of actual physical queues thhatrermle has to maintain. Next, we proposed
an algorithm that forces the back-pressure algorithm totliseminimum amount of network resources
while still maintaining throughput optimality. This ressilin better delay performance compared to the
traditional back-pressure algorithm.

We presented the shadow algorithm for the case of fixed rutie., the route for each flow is fixed.
The shadow algorithm can also be used in the case of adapiiNi|g, but a node cannot use just one
FIFO queue for each neighbor. If one still maintains a seépajaeue for each destination at each node,
then the extension of the shadow algorithm to the case oftadamuting is straightforward. On the
other hand, it would be interesting to study if a single peighbor FIFO queue can be maintained even

in the case of adaptive routing. This is an interesting tdpicfuture research.

APPENDIXA

PROOF OFTHEOREM 2

In this appendix, we provide details of the proof of Theorenkigst, recall the result from Theorem 1
that

1 T-1
Jim = ; Efz[t] = 2*(e), (12)

where z*(¢) is within e-boundary of the optimal solutiom* and ¢ can be made arbitrarily small by
increasingM. To simplify the notations, from now on, we will dropin z*(¢). In other words, we will

use the notation:* for the e-approximate optimal solution.
From the above result, the following convergence resulisbm established.

Lemma 1:For every flowf € F,

S
-

aglt] T B} m.s.,

Nl =

t

Il
=)

i.e., the time average of real packet arrivals also congetgdahe optimal solution.
Proof:
Consider any flowf. We have the sequence of flow ratés;[0],z([1],...} and the sequence of
generated shadow packefs[0],a([1],...}. Note that given the sequence of flow ratgs;[t]},°
ar[t]'s are independent Poisson random variables with meanst|'s. For simplicity, we drop the

subscriptf in the notations within the scope of this proof.
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i=1 1=1
1 I
= — > E[(ali] - pz*)?]
i=1
I T
+ 5> > Elali - fz%)(alj] - pa)]
1=1 j=1,j7#1¢
Now, for i # j,

Cov(ali],alj]) = E(a[i] — ali])(alj] — al[j])]

= E[E[(ali] —ali))(alj] — als])| {x[k]}}<o]]
= 0,

i.e., ali] andalj] are uncorrelated. The last equality is due to the fact difvdtand a[j] are independent

given the sequencr; }7° .. Hence,

E[(ali] — Bz7)(als] = B2")] = El(ali] —ali])(alj] —ali])] + (ali] — B27)(alj] - Bz™)

FurthermoreFE [(ali] =E [(ali] — @;)?] + (ali] — Bz*)?. Therefore
1 T L T L IT
fza ]pZWWMQZDHﬁMHﬁM
i=1 i=1 i=1 j=1
1 « 1 i
= ﬁE:VCLT(CL[Z])—F TZ(EL[Z] ﬂw*)]
=1 =1

SinceVar(ali]) is finite, the first term in the right-hand side will vanish’Bgjoes to infinity. The second
term also vanishes 8B goes to infinity due to (12). Therefore,
T 2
Jim E {(;;a[ﬂ —695*) ] = 0.
[ |
Lemma 2:Recall thatr*[t] is the outcome of the scheduling algorithm (3) at every titep & Then,

for every linkl € L,

* T—o0
— 7 t] — a.s.



20

for somey* such that >~ A; <pjf, VI € L.
fHEL()
In other words, the outcome of the scheduling algorithm eog®s to a set of link rates that can support
the given set of flow arrival rates.
Proof: Since the Markov chain of shadow queues is positive recyrtiea proof follows the ergodic

theorem and the fact that" is upper-bounded. ]

To be consistent with [14], we introduce the conceppatket classEach flow f consists of| L(f)]
packet classes; each class going through one link in the @iuf. We letS denote the set of all packet
classes. In other words, there is a bijection mapping a @ai), f € F, 1 € L(f), to a packet class
s € S. Clearly, [S| =" e |L(f)].

For each flowf € F, let ®(f) be the set of packet classes belongingftd-or each linki € L, let
C(1) be the set of packet classes going throug@onversely, for each packet class S, let f(s) be
the corresponding flow (i.es, € ®(f(s))), andl(s) be the corresponding link.

Let H denote theconstituency matrixvith size |£| x |S|:

1 ifseC(l),
Hls{ se ()

)

0 otherwise.

Also, let R be therouting matrixwith size |S| x |S]|:

RSU

)

1 if f(s) = f(u) andw is the next hop of in the route off,
0 otherwise.

Next, let E(t) denote the totaéxternalarrivals of packet class up to timet. Thus,
t—1
> ay[k] if sis the first hop off(s),
Ey(t) = k=0
0 otherwise.

Also, we define the arrival rates corresponding to packetsels:

- z} if s is the first hop off(s),
0 otherwise.

We then extend the definition df,(¢) for continuous time as follows: for each times R*, E4(t) :=
Es ([t]). Hence,E4(t) is right continuous having left limits in time.
Recall thatr*[t] is the outcome of the scheduling algorithm at time gldtlow, for eacht € R*, we

let M;(t) := M; ([t]) = 2;10 7/ [k] denote the total amount of service (in terms of number of ptsck
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that can betransmitted) of linkl up to timet. Now, for eachs € S, let us definem;(t) := M (?),

M (t) := diag ( u ) L] > . (13)

mi(t) ma(t)” ms(t)
Similarly, let us defineA,(t) = As(|t]) as the total arrivals, and®,(t) = D ([t]) as the total

and define

departures, of packet classup to timet. Thus,

As(t) = Es(t) + Y Du(t)Rus. (14)
Let Qs(t) = Qs ([t]) be the number of packets (;LfGSacket classhich are waiting to be served. Then,
Qs(t) = Qs(0) + As(t) — Ds(t). (15)
Recall thatP,(t) = P, ([t]) is the length of FIFO queue at linkat time¢. Thus,
Z Qs(t) =Y HiQu(t). (16)
seC(l E

Now, we define

« T4(t) as the amount of time that the server at litk) has spent serving packet clasi [0, ¢];
« I;(t) as the amount idle time of the server at lihkluring [0, ¢];

o W,(t) as the immediate workload at the server of lipgkneasured in units of time.

Then we have the following equations:

ZH[S s —l—[l ) (17)

I/Vl(t) = LtJ ZHls( +Qs ZHls s (18)

and the fact thaf;(¢) can only increase wheWw;(t) = 0, i.e., if Il(t2) > [;(t1) thenW;(t) = 0 for some
t e [tl,tg].
We can rewrite the above equations (14)-(18) in vector foongét the following set of equations

which describes the evolution of the system:

A(t) = E(t) + RTD(t) (19)
Q(t) = Q(0) + A(t) — D(t) (20)
P(t) = HQ(1) (21)
HT(t) + I(t) = et (22)
W(t) = HM(t)[A(t) + Q(0)] — HT(t) (23)

I;(t) can only increase wheW,(¢t) =0, [ € L, (24)
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where M (t) is defined in (13) and = [1,1,...,1]T. Additionally, we have that

M(H)D(t) < T(t) < ME)(D(t) +e) (25)

Ds (t+ Wys)(t)) = Qs(0) + Ay(t) (26)

where Equation (25) comes from the fact that each class hasost one packet being served at any
time, and Equation (26) comes from the FIFO property of tled geleues.

Note thatE,(t), M;(t), As(t), Ds(t), Qs(t), andW;(t) are right continuous having left limits, while
Ts(t) and [;(t) are continuous in time. We also assume tH&b) = D(0) = 7'(0) = 1(0) = 0.

Let us define

X(t) = (A®),D(1).Q(t), W(t),T(t), I(t),Q(1)),

whereQ,(t) = Q

s ([t]) is the shadow queue of clagssThen X (¢) is a Markov process. Furthermore,
Q(t) and (Q(t), Q(t)) are themselves Markov processes. By Theorem 1, we knowG@ftitis positive

recurrent.

We now describe the fluid model of the system. The set of fluidlehequations is as follows:

A(t) = BMt + RTD(t) (27)
Q(t) = Q(0) + A(t) — D(t) (28)
P(t) = HQ(t) (29)
HT(t) + I(t) = et (30)
W (t) = HM[A(t) + Q(0)] — HT(t) (31)
I;(t) can only increase wheW;(t) =0, l € L (32)
T(t) = MD(t) (33)
D (t+ Wis)(t) = Qs(0) + Ay(t), (34)
where M* = diag (,% o ﬁ) . andm} = pif,,,. Recall that;.* is defined in Lemma 2 as the

set of supporting link rates. Equation (32) means that fehea> 0, wheneverV;(t) > 0, there exists
d > 0 such thatl;(t + 0) = [;(t — 9), i.e., [;(-) is constant in(t — J,t + 9).
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A. Preliminaries

Theorem 4 (see [16])if random variablesZ,, and Z satisfy thatZ, — Z, where the notatiofi—-)

denotes the convergence in distribution (weak convergenoe if the Z,, are uniformly integrablei.e.,

lim sup/ | Z|dP = 0,
a=0 n J|Z,|>a
then Z is integrable and

imE[Z,] = E[Z].

Consider the sequence of scaled processes

then we have the following theorem:
Theorem 5 ( [17], [18]): Suppose that, for any sequence of scaled processgs satisfying||(Q"(0), Q" (0))|| =

1, r — oo, there exist a subsequence— oo and a constant’ > 0 such that

Tim B(Q(1), Q1)) =0, Vt=T.

Then the queueing system is stable, in the sense that theoMprkcesgQ(t), Q(t)) is positive recurrent.

Corollary 1: Suppose that there exists a deterministic function

X(t) = (A(t),D(1), Q(t), W(t), T(t), I(t),

O

(1))

such that the following conditions hold: (i)

w. —

1) For any sequence — oo, there exists a subsequencg — oo such thatX" () — X(:) as
T — 00.

2) For any X (t) satisfying ||(Q(0),Q(0))|| = 1, there exists & > 0 such that||(Q(t), O(t))|| =
0, Vt > T,

3) (Q"(t),Q"(t)) is uniformly integrable for alk > 0,

then the original proces&)(t), Q(t)) is positive recurrent.
Proof:
From conditions (i) and (i), we have thdtQ(t), :(t))H 50 for all t > T asr — oo. Along with
condition (iii), Theorem 4 yields thatm,, ., E[||(Q(2), é(t))H] =0, Vt > T. We then apply Theorem 5

to get the result. |
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B. Proof’s details

For an integetl > 1, let D?]0, co) be the set of functiong : [0, c0) — R that are right continuous on
[0,00) having the left limits on(0, c0). Fort > 0, we usef(t—) to denotelim,; f(s). By convention,
f(0=) = f(0).

Let us endow the function spade?[0,co0) with the Skorohod.J;—topology. We now define the
convergence of a sequence of function®it{0, oo) under that topology. Let denote the set of strictly
increasing, continuous functions: R — R* such thatf(0) = 0 andlim;_, f(t) = cc.

Definition 1: A sequence{f"} c D90, 0) is said to converge tg € D90, c) in the Skorohod
topology if for eacht > 0, there exists{A\"} C A such that

lim sup [A"(s)—s|=0
Nn—00 <<t

lim sup [/"(\(s)) — f(s)] = 0.

n—=000<ls<t

Next, let us define the convergence under the uniform togolog
Definition 2: A sequencd f"} € D9[0, c0) is said to converge tg € D[0, oo) uniformly on compact

intervals (u.o.c.) as — oo, denoted byf” — f u.o.c., if for eacht > 0,

lim sup |f"(x) ~ f(s)] = 0.

N—=00 0<s<t
Note thatD?[0, oo) under the Skorohod topology is separable, whifé0, oo) under the u.o.c. topology
is not. However, if the limit pointf is continuous, the two notions of convergence are equital&a
let C¢[0, c0) denote the set of continuous functiofis [0, 0c) — R¢.

Now, consider the scaled process
1
X"(t)==X(rt), t >0, r=1,2,.... (35)
T

The processeX (t) and X" (t) take values ilD* [0, o), where K = 8|S| + 2|£|.

Lemma 3:For any sequence — oo, there exists a subsequenge— oo such that
X" (t) = X (1) (36)

for some X (t) € DX [0, 00). Moreover, X (¢) is continuous with probability one.

Proof: By Lemma 1, we have that
Tlim E(T) = pAT m.s.
Thus, for eacht > 0, E"(t) converges tg3\t in probability asr — oo; i.e., given anye > 0,

Tim P <||E’“(t) —Bxt| > g) — 0.
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Furthermore, if||E"(t) — SAt|| < §, then
[E"(t1) = E"(t2)|| < [ E"(t1) — BAGL|| + [ E"(E2) — BAta|| + BA[tr — taf < BA[tr — taf + €.
Therefore,E" (t) is “asymptotically Lipchitz”; i.e., for any,
P(||E™(t1) — E"(t2)|| < BA|t1 —to] +€) — 1 as r— oo.
Also, from Lemma 2, we have that for eatk L :

lim M(T) =T a.s.
T—o0

Furthermore, the processext), Q(t), I(t),T'(t), Q(t) have bounded increments. Thus, it is easily to see
that X" (¢) is “asymptotically Lipchitz”; i.e., for any, there existsL > 0 such that

P(|X"(ts) — X"(t)| < L(ta—t1) +¢) =1 as r— oo

This implies the sequenceX”(t)} is relatively compact (ref. Corollary 3.7.4, [19]), i.ehet family of
their associated probability distributions, denoted{l®/ (-)} , is relatively compact. Thus, there exists
a subsequence dfP"(-)} which converges to somB(-) under the Prohorov metric. This then implies
that there exists a sub-sequence{af" ()} which weakly converges to som€(t) (ref. Theorem 3.3.1,
[19]). Moreover, it follows from this weak convergence atng tasymptotic Lipchitz property that the
limit X (¢) is continuous with probability one (ref. Theorem 3.10.2])1 [ |
We call any X (¢) satisfying (36) afluid limit of X (¢). Given a fluid limit X (¢) and the converging
subsequencé X" (t)}, the Skorohod representation theorem implies that therst exime processes
X(¢) and {X"=(¢)} in a common probability space such thaft) and X" (¢) have the same probability
distributions asX (t) and X" (¢), and thatX"(¢) converges taX(¢) almost surely under the Skorohod
topology. Furthermore, since the limit point is continuauigh probability one, that convergence is in

the almost sure sense under the uniform topology, i.e.,

X" (t) — X(¢) u.o.c. with probabilityl. (37)
Now, let us abuse the notations by denoting
X(t) = (A(t), D(t), Q(t), W(t), T(£), I(£), Q(¢)),
where the components &f(¢) satisfy the set of equations (19)-(26). Also, let

X(t) = (A1), D(1), Q(t), W (1), T(t), I (t),

L

(®))
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be a corresponding fluid limit; i.e., the condition (37) rolbr, — oo. We will show that the components
of X(t) satisfy the set of fluid model equations (27)-(34), as statettie following lemma.

Lemma 4:Any fluid limit X(¢) in (37) satisfies the set of fluid model equations (27)-(3430Athe
componen@(t) of X(t) is zero for allt.

Proof: First, combining Lemmas 1-3, and (37), we know that

lim E"™(t) = gAt u.o.c. with probabilityl,

T)—00

lim M (t) = wt u.o.c. with probabilityl.

Then, it is easy to see thil(t) satisfies (27)-(31), (33), and (34) sink¢t) satisfies (19)-(23), (25), and
(26), respectively. To prove (32) fék(¢), we need to show that for ea¢h> 0, whenevedV;(t) > 0, then
there exist® > 0 such thatl;(t+6) = I;(t — ), i.e., I;(s) is flat in (t—&,¢ +6). Suppose thatV;(t) > 0
for any ¢ > 0. SinceW,(t) is continuous, there exists®> 0 such thate = Minge (¢—5,4+5) Wi(s) > 0.

SinceX(-) is a fluid limit, there exists a sample pathsuch that
(er('>w)7lrk('>w)) - (W()>j()) u.o.c.
asr, — oo. In particular, there exists an integaf such that

inf  W/* >€/2
se(tosirs) ! (s,w) 2 ¢/

for r, > N. It means thal¥;(s,w) > 0 for s € (r(t —9), rp(t+0)) andry > N. Thus, by (24),[;(s,w)

is flat for s € (r(t — 6),7(t +6)) whenr, > N, or equivalently,l]* (s,w) is flat for s € (t — d,¢ + ).

Letting 7. — oo, we have thatl;(s) is flat for s € (t — §,¢ +J), and hence we prove (32). Finally, from

the positive recurrence @(t), it is easy to see th@(t) is zero for allt. [ |
So the final step is to show that any solution to the set of fluidieh equations (27)-(34) is stable. In

fact, this is true by Bramson’s result [14]. It thus compéetke proof of Theorem 2.

APPENDIX B

PROOF OFTHEOREM 3

Recall thatZ(f) is the set of links forming the route of flofi. Now, we let R(f) denote the set of
nodes forming the route of (and hence|R(f)| = |L(f)|+ 1). For each paif f,n) such that: € R(f),
we abuse the notation by letting

« n+ 1 denote the next node of in the route off (n # e(f));

« n — 1 denote the previous node ofin the route off (n # b(f)).
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For eachn € R(f), let us define
7Tout(f,n)[t] = Tlnn+1)
T n = b(f),
min {x/, | JHLQIL[}, n#b(f).

The queue dynamics are given by

Q?‘é [t + 1] = <Q£ [t] — Tout(f,n) [t])+ + Tin(f,n) [t] (38)

Now, consider the Lyapunov function

o - 5% ¥ @

feF neR(f

We can rewrite the queues’ dynamics (38) as follows:

Q{z[t + 1] = Q{L[t] — Tout(f,n) [t] + Tin(f,n) [t] + u{z [t]a

where
if sz[t] > Tout(f,n) [ﬂ’

0
{ _QTfL [t] + Tout(f,n) [t] if QZL [t] < Tout(f,n) [t]

The drift of the Lyapunov function is given by

AVt = E[V(Q[t+ 1)) = V(Q[DI QL]
= 3 Z Z E {2Qf zn (fn) [ ] 7Tout(f,n) [t]) + (ﬂ-in(f,n) [t] - 71-out(f,n) [t])2

fE]:nER

+2u [t Tin () [t —i—(u >+2u (Qf[] Tout(f,n)lt 'Q}

Recall thatm;, £, [t] = Tout(fn—1)[t] — qu 1[t], n #b(f). Thus, we get
AVE] = Bill+ Y Qlplia =Y Y (Qh - QL) E [#].1]| Q1]
feF JEF (n,m)eL(f)
+
— _ * I f
= Bilf +]§Qbm[tw > il max QA - QL)
(n,m)eL
where the last equality is due to the back-pressure schedalgorithm, and
2
Bl = 33 Z | (Tintrn ) = Mot pmpl])” + (uhle])” = 2uf s QL

f€.7: neR(f

+2u[]<QfH+7TmfN)H Tout(f,m) )‘Q ]
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Since \ is strictly inside the regiom\, there exist a positive constaatand a vector of link rateg

such that
fnm > (1+€) Z A, and p € co(I).
J(n,m)EL(f)
Hence,
Y@ty = X X (@l -@hln)
fer fe]—' (n,m)EL(f)
+
< oy I — QL It
< e X e, mex (@l - @A)
(n,m)eL
Therefore,

AV < Bil)— Y (whalt) ) max (QAl - QL)

naTer f:(n.m)EL(f)
€ f )’
— nm max nlt] — Q7 \t
e 2 omax (@l - QL)

Now, for any flow f € F, we have that

S Qi < jp Y (@ -Q4l)”

nER(f (n,m)EL(f)
< RN DS o (QRl ~ Q511"
(nom)eL(f) I
< Bmer 5 max (QUH] - QU
ML) (nm)es g:(n,m)€L(g)

wherep, ;) > 0 is the minimum link rateu,,, of any link which is part of the flow’s route; obviously,

Br(p) = Ag- Thus, for any flowf € F,

€ Af
1+ € Kz

AVIt] < Bilt] - > Qi (39)

neR(f)
Note thatB;[t] < b|F|Kaz, Vt, for some constank > 0 which depends only om,,,, (see model

definition). Thus, by manipulating (39Y,f € F, we obtain

1 b
hmsup ZE|: Z Qf ] < —6'_6 |f| ma:c

T—o0 neRr(f

The above bound along with the positive recurrencé){:ﬂj gives the desired result.
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