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multi-rate multicast is based on scheduling virtual (shedtraffic’ that “moves” in re-
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1. Introduction

Multicast sessions are expected to be a common form of tiafémerging mobile ad hoc
networks (MANETS). However, the recently developed theonfair resource allocation
in MANETSs (Lin & Shroff 2004; Eryilmaz & Srikant 2005, 2006;t@yar 2005, 2006;
Neelyet al. 2005) only addresses the case of unicast flows. Other thasageng appro-
priate notation, it is somewhat straightforward to extemel theory to multicast sessions
if one assumes that data is delivered to all the receiversinuléicast group at the same
rate. Such a form of multicast is called single-rate mu#tic®n the other hand, there are
many video applications which allow layered-transmissiorthat different receivers can
subscribe to different numbers of layers and receive diffequalities of the same video,
depending upon the congestion level in their respectivghiirhoods. Moreover, in wire-
less networks, due to varying signal strengths at differecgivers, it may not be desirable
nor feasible to deliver data at the same rate to all the recein a multicast group. Thus,
it is important to extend the optimization-based theorydadie multi-rate multicast ses-
sions, i.e., multicast sessions where different receiaszsallowed to receive at different
rates. Such an extension is not immediate as in the casegiégimte multicast, and is the
main subject of this paper. We note that the multi-rate roati problem has been consid-
ered in the context of wired networks (Deb & Srikant 2004k&nit 2004; Karet al. 2002;
Kar & Tassiulas 2006). However, those approaches cannoirbetlgt applied to wireless
networks.

For ease of exposition, we first present results for singte-multicast sessions. We
then extend the results to multi-rate multicast sessiohs. Key idea is to introduce the
concept of “shadow traffic” generated by the receivers anavinmg back” to the sources,
and the corresponding “shadow” (token) queues. The moveafeshadow traffic in the
reverse direction then determines the real traffic germrdtt the sources) and its move-
ment through the network. Scheduling of shadow traffic inrtewvork is carried out by
a backpressure-type algorithm (Tassiulas and Ephremi@@®)1however, this is a non-
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standard backpressure algorithm. Finally, we prove thapmposed mechanism to control
the real traffic using the shadow traffic is asymptoticallirogal.

2. Single-rate Multicast
(a) Network Model

We consider a time-slotted, multi-hop wireless networkiclitis modeled as a graph
G = (N, L) whereN is the set of nodes and is the set of directed links. If a link
(n,m) is in L, then it is possible to send packets from ned® nodem up to a finite
capacityc,,,,, and subject to the interference constraints. The intemfareonstraints are
specified in terms of maximal subsets of nodes which can bedsitéd simultaneously.
These maximal subsets can be specified quite generally asiveeevlater. Moreover, we
assume that when nodesends a packet to node, each nodé such tha(n, k) € £ also
hears that packet, and can choose to receive it or not. Téusrgstion models the broadcast
nature of the wireless medium. We do not consider fadingwautan easily incorporate
channel variations in wireless networks in our framework.

Let us consider both types of traffic in the network: unicast multicast. Unicast traf-
fic is represented by a set of unicast flows, each flow entensdtveork at its begin node,
and exits the network at its end node. Multicast traffic igespnted by a set of multicast
sessions, each session has a source node and a set of destioaies. We assume that
each multicast session has a given directed multicast thegenthe root of the tree is the
source node of the multicast session, and all destinatidesibelong to the tree. For now,
let us also assume that all receivers of a single multicasice have to be served at the
same data rate (single-rate multicast). We will addressisrate multicast later.

Let F be the set of unicast flows, agtbe the set of multicast sessions. For each flow
f € F,letby, ef, andxy denote the begin node, the end node, and the rate of flow
respectively. LetD be the set of end nodes for unicast traffic, iR.= {d € N : d =
ey forsomef € F}. For each multicast sessiene S, let T'(s) be the corresponding
multicast treey(s) be the root ofl'(s) (which is also the source node of the multicast
session), an(f’(s) be the subgraph df'(s) obtained by removing all the leaf nodes. For
each noder € T(s) \ {r(s)}, let p,(n) denote the preceding node (parent node) df
T(s), andCs(n) denote the set of succeeding nodes (children nodes)rof(s).

We assume that all sources are continuously backlogged. st maintains a single
gueue for those unicast flows that have the same destinatidra separate queue for each
multicast session going through it. Lgf[t] denote the length of the queue at nedand
containing packets from unicast flows that are destined tedat timet. Similarly, let
q: [t] denote the length of the queue maintained at nofter multicast sessionr at timet.

Due to the broadcast nature of the wireless medium, when n@gads out a packet,
every nodé: such thatn, k) € £ also hears it. If that packet is an unicast packet directed
to nodem, then the other nodes simply ignore it. Otherwise, if thatlkes is a multicast
packet for multicast session then all nodes i (n) will receive it. At this point, let us
defineu;im to be the long-term average transmission rate from maenodem allocated
to destination! € D, andy;, to be the long-term average transmission rate from moide
all nodes inC;(n) allocated to multicast sessianAlso, let u1,, denote the service rate at

noden, i.e.,
T DD DT T T

deD m:(n,m)eL sineT(s)
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Optimal Resource Allocation for Multicast 3

We now present the objective and various constraints in phien@zation formulation
of the resource allocation problem:

o Objective:  max » Us(zs)+ Y Ui(3s),
feF SES
wherez ; andz, are the arrival rates of floyi and session, respectively, and/¢ ()

andU,(-) are the associated utility functions for flofvand sessior, respectively.
All utility functions are assumed to be nonnegative, insieg and concave. For
single-rate multicast sessions, the utility is defined wébpect to the transmitter
and not with respect to each receiver.

e Constraints on the unicast traffic at each nadee D,Vn € N, n # d,

Z IfZ{n:bf,dZEf} + Z /Lg,n < Z :u(ril,m

fer k:(kmn)el m:(n,m)eL

This constraint is simply a flow-conservation constrairgath node.

e Constraints on the multicast traffic at each node:

Zs

IN

Mi(s), Vs € S,
Hpo(n) < His Vs € S,¥n € T(s) \ {r(s)}.

e LetI' = {y},...,4/T1} denote a collection of vectors in th&'|-dimensional non-
negative real space, representing the possible set ofdiek that can be achieved in
a given time slot. The network can choose among one of theserganI" at each
time instant. For example, if' is the chosen set of link rates at a particular time
instant, theny! (1), the*® component of this vector denotes the number of packets
that can be transferred over lidlat that time instant. We assume that zero is always

a possible link rate on each link. Also, B2 CH{T'} denote the convex hull of the
setI'. It is well known that by time-sharing between different ra¢etors inl’, any
pointinT' can be attained. Then, the long-term service rate vechas to satisfy the

interference constrainu € T, i.e., there exists m}ﬂl such thatz‘iil1 a; <1
andu = I iy

(b) Optimization Problem and Lagrangian Decompaosition

Putting all the above elements of the model together, we trevéollowing optimiza-
tion problem:

max Y Up(zg) + > Us(is) (2.1)
fer seS
st Z TfLin=b; d=es} T+ u‘i,n < MZ,N, Vde D,VneN,n#d, (2.2)
fer
Ts < Py, VS ES, (2.3)
1 () < H3s Vs € 8,V € T(s) \ {r(s)}, (2.4)
pel, (2.5)
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where N .
=N N SN =S S Vi
k:(kn)el m:(n,m)eL

At this point, let us define theapacity regionA, of the network as the set of flow rates
(x,%) > 0 for which there exists a sgt > 0 that satisfies the constraints (2.2)-(2.5). Then
the abqve optimization problem is equivalent to~the probdent  z)ca Zfef Ur(xy)+
> scs Us(Zs). Due to the concavity of/;(-) andU,(-) and the convexity of the capacity
regionA, there exists a solution to this problem.

We rewrite the problem using Lagrange multipliers:

max Z Uf(xf) + Z US(CZ'S) - Z )‘Z}{xf + Z Z /\lriz (_,Uli,n + /Llriz,w)

feF seS feF deD neN:n#d
D NIt D Nametd, > A (—Hf;S(n) + Hfz)
ses s€s S€S neF(s)\{r(s)}
st pe f‘,

Where)\Z]{, A\ )\j(s), and )¢ are the Lagrange multipliers corresponding to constraint

(2.2), (2.3), and (2.4), respectively. For notational cteteness, leh? = 0, and\3, = 0
if m is a leaf ofT'(s). When the vector od’s is specified, the above Lagrangian form of
the optimization naturally decomposes into two problems:

The congestion control problem:

max " Up(ag) = D Nwp+ ) Us(E) = ) Npie  (26)
’ feF feF sES sES

andthe routing and scheduling problem:

max > Y A (—pla ) A N+ Y A (~po o+ 052)

deD neN SES SES neT(s)\{r(s)}
= max Y > L (n =AY Y ma— D A (2.7)
deD (n,m)eL seS ne'f(s) meC;(n)
S.t uef‘.

The goal is to find a dynamic algorithm to compute the Lagrangéipliers. We de-
scribe such an algorithm in the next section.

(c) Joint Congestion Control and Scheduling Algorithm

Congestion Controller: At the beginning of time slat, each flow, sayf, and each session,
say s, have access to the queue length of their first nodeSqf.fé[J:] andg; [t]. Then,

motivated by (2.6), the instantaneous mean data rgtgb of flow f andz,[t] of session
s are set as follows:

b [1]

zflt] = arg max <Uf(:c) - Qb;( x) , (2.8)
- 5ol

Islt] = arg max <Us(x) - qT(T)HI> , (2.9)
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Optimal Resource Allocation for Multicast 5

where M, which is chosen to be large enough, represents the largsstibe value of
the incoming rates. The positive constantwill be used to guarantee convergence of the
achieved rates to the fair allocation. In particular, weiaterested in the performance of
the system for largé’.

Each source has to convert the instantaneous mean dateetatenthed by the con-
gestion controller into a packet injection rate. While thstantaneous rate could be a
non-negative real number, the number of packets injectedlie network has to be a non-
negative integer which could be determined by some contplicmechanism that converts
rates to packets. Instead of precisely modeling this caweyat each time slat the num-
ber of arrivals for flowf (sessiors) is assumed to be a Poisson random variable with mean
x¢ (Zs). This assumption can be easily relaxed in a number of wagsowi affecting our
main conclusions.

Back-pressure SchedulerAt time slott, for each node:, we define the unicast differen-

tial backlog for destination nodéasw?[t] = pmax (¢2[t] — g% [t]) , and the multi-
m:(n,m)eE

cast differential backlog for sessisrasw; [t] = | q¢;[t] — Z q:,[t] | - The weight
meCs(n)
of noden at time slott is defined as
Wy [t] = max {max wl[t], max w? [t]} . (2.10)
deD s:neT(s)
Then, motivated by (2.7), the service rate vegfofis chosen fronT" so that it satisfies
&t € argrilglzinezj\[wn [t] 7. (2.11)

At noden, the commodity (unicast flow or multicast session) whosgedéhtial backlog
achieves the maximum in (2.10) will be served at gt&]. That commodity can be a
unicast traffic destined to destinatidrover link (n, m), or a multicast traffic for session
s. The rest of the queues at nodeare not served at time slot We note that the back-
pressure scheduler was originally developed in Tassiuldsp&remides (1992) for the
case of inelastic flows.

(d) Performance Analysis

In this section, we present a result characterizing theopaidince of the joint conges-
tion control and scheduling mechanism described in Se@on

To describe the evolution of the queues in the network, weptthe following con-
vention: the arrivals to a queue in a time slot are not avkl&dr service till the next time
slot. If packets traverse from one queue to the next, theartiials to the second queue is
equal to the number of departures from the first queue in te@quis time slot. Thus, the
evolution of queue lengths is governed by the following sule
Foreachh € N, andd € D,

qilt+1] = (qol =& )" + vl a0+ Y st insyameys  (212)
feF

and, similarly, for each € S, andn € T(s),

alt+1 = (@)= &) + aslt)Ttn=r(s)y + Vi [ Tnrr(sry,  (2.13)
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6 L. Bui, R. Srikant, and A. Stolyar

wherev? | [t] is the number of packets for destinatidrthat are routed to node from
other nodes, and; , , [t] is the number of packets for sessiothat arrive at node from
the preceding nodg;(n) during time instant. Also, a[t] andas[t] are the numbers of
exogenous arrivals of floyf and session, respectively. Note that, in generaﬁ,n[t] <
4,1, andvy [t <&, [t], where

AN d AN d
S~v,n Z gk,n ) €n7~ = Z Sn,m*

k:(kn)el m:(n,m)eL

Hencez;[t] = E[as[t]] andZ,[t] = E[as[t]]. Then we have the following proposition to
establish the performance of the algorithm.

Proposition 2.1. Under the joint congestion control and scheduling algaritdescribed
in Section 2c, the queues in the network are stable (i.e M#kov chain of queue occu-
pancies is positive recurrent), and the source rates satisf

S U E) Y0 E) 2 3 Upla) + Y0 - o

feF seS ferF seS

where

1 T2 - 1 T
7= Jim s > Blesl], B = i 7 3 B[,

(x*,x*) is an optimal solution to (2.1) an® < oo is some constant.

Proof. The proof is similar to the proofs in Stolyar (2005), Neetyal. (2005), and Eryil-
maz & Srikant (2006), and hence, is omitted. O

Hence, by tuning the paramet&r, the algorithm can achieve a network utility which
is arbitrarily close to optimal, while stabilizing the netr« queues.

We note that the algorithm (2.8)-(2.13) looks very simitaatdual algorithm to solve
the optimization problem (2.1)-(2.5). However, there igaca@l difference: in (2.12) and
(2.13), if one were to implement the dual algorithm from op#ation theory, thelzr,‘in[t]
andv, ,[t] have to be replaced ket . [t] a”dff;sgn) [t], respectively. Thus, one cannot
directly appeal to convergence results from optimizatimoty even if the arrival processes
are assumed to be deterministic. However, the results ige8t2005), Neelyet al.(2005),
and Eryilmaz & Srikant (2006) account for these differenftem the dual algorithm and
are applicable quite generally even with stochastic dsi@ad channel variations.

3. Multi-rate multicast

In this section, we address the multi-rate multicast pnobl particular, we allow the
receivers of a multicast session to be served at differ¢es$ r&ecall that due to the broad-
cast assumption, whenever nodeends out a multicast packet for a multicast sessjon
all nodesinC;(n) will receive it. If a node is allowed to drop some packets befelaying
the remaining packets along the multicast tree, then matié-multicast becomes feasible.
To facilitate multi-rate multicast, each node has to offex service rate which is at least
the maximum among rates offered by its succeeding noded~(gaee 1 for an example

Article submitted to Royal Society



Optimal Resource Allocation for Multicast 7

3
M2 @
H1 (o) —= 22

M4

(4
fha > max{xs, x4} (8 — T4

w3 > max{xi, 2}

&

p2 > max{pis, pua}
Figure 1. An example multi-rate multicast tree. The servate offered at node (which is u2) is
at least the maximum among rates offered by its succeedidgsnice. 2 > max{ps, 4 }. Similar
situations for node8 and4.

multi-rate multicast tree). This leads to a totally differeset of constraints compared to
those in the case of single-rate multicast, as we will seetlgho

At this point, we have to introduce more notation. For eacHtioast sessiors, let
D(s) be the set of the destination nodes0Also, for each destination nodec D(s), let
7 denote the average rate at which sessistraffic reached, andU, ;(i?) be the utility
function associated with it. Again, we assume that thetytilinctions are nonnegative,
increasing and concave. The objective of the resourcealtot problem is to solve the
following optimization problem

max ZUf(xf)-i-Z Z Ud,s(jg)
)

fer se€SdeD(s

st > a Ty ame,y + 1L, Spl VA€ D,VneN n#d, (3.1)
fer
7 < uzs(d), Vs € S§,Vd € D(s), (3.2)
Py < Hp (n), VS €S,Vn € T(s)\ {r(s)}, (3.3)
pel. (3.4)

Notice that the constraints on unicast traffic (3.1) and therference constraint (3.4) are
the same as in the case of single-rate multicast. On the b#med, the constraints on
multicast traffic (3.2) and (3.3) are different, due to thet that each node has to offer the
service rate which is at least the maximum among rates affieydats succeeding nodes.
These constraints are somewhat problematic and necessifa¢sh look at solving the
utility maximization problem for networks with multi-rataulticast flows. To understand
the source of difficulty, note that the constraints indicttat the data rate into a node
(NZs(n)) should be greater than or equal to the data rate exitingntide (.. ). Clearly, such

a condition would not be desirable for queue length statiflive were to maintain a queue
at noden with arrival rate; ., and departure rate’,. For this reason, we will introduce
a fictitious queue called shadow queuwhich operates in thesversedirection, i.e., it
pretends to store packets from multicast destinationsasthurce. The above constraints
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8 L. Bui, R. Srikant, and A. Stolyar

will ensure the stability of the shadow queues. The conteitise shadow queues will be
used as tokens to inject traffic in the forward direction.

Let us define theapacity region(?, of the network as the set of flow ratés, x) > 0
for which there exists a sgt > 0 that satisfies the constraints (3.1)-(3.4). Similar to the
case of single-rate, we can rewrite the optimization pnoblesing Lagrange multipliers
and decompose the Lagrangian form into two problems:

The congestion control problem:

max DoUslap) =D Niap+Y Y Uas@) =D D Xads  (35)

fer fer s€S deD(s) s€S deD(s)

andthe routing and scheduling problem:

max  » Y oL A=A+ D | D AN (36)

deD (n,m)eL SES neT(s) meCs(n)
st pel,

Where)\Z}{, A4 A3, and)s are the Lagrange multipliers corresponding to constrairit)(

(3.2), and (3.3), respectively. For notational convenggtet \¢ = 0, andAi(S) =0
Again, our goal is to design a dynamic algorithm to compugelthgrange multipliers.

(@) Shadow Algorithm for Multi-rate Multicast

In this section, we present an algorithm to solve the abotienggation problem. Since
the service rates of the destinations in a multicast sessmdifferent, we cannot directly
apply the congestion control algorithm which adjusts oty source node’s rate, as in
the case of single-rate multicast. Instead, in this casegtingestion control problem (3.5)
suggests that the rate control should be handled at eadheeoéeach multicast session.
We introduce a shadow joint congestion control and schegdualigorithm for this purpose.
In the shadow algorithm, one pretends the direction of th#ficris from the multicast
receivers to the source. Each node maintains a shadow quauk wontains fictitious
packets as though traffic is moving in the reverse direcfimm) destinations to sources of
multicast flows. When a packet moves from a shadow queue tuetktethen this packet is
interpreted as a token to send a packet in the forward dimgatvhich is the true direction.
If time is slotted, one can easily implement such a mechahigmsing a small fraction
at the beginning (or end) of the slot to exchange shadow glesigghs, which is used for
the updates of shadow queue lengths. The movement of shaatkets is determined by
running a back-pressure algorithm on the shadow queuebdantilticast flows and real
gueues for the unicast flows.

Note that these concepts of shadow queues and shadow traffibecused for both
multicast and unicast. However, for a resource allocatmntmf view, we do not need to
deploy it for unicast (except for the reason of reducing ylelhich we will discuss later in
Section 4b). Therefore, let us just consider the case wherdosv traffic is used only for
multicast and real traffic for unicast traffic.

We now describe the shadow joint congestion control anddadhngy algorithm. Sup-
pose that is a node which belongs to multicast trBés) of sessiors, andC,(n) is the set
of succeeding nodes afin T'(s). The shadow traffic will move from all nodes @i (n) to
noden. Let ¢$, denote the shadow queue length for sessiahnodem. The source node
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r(s), which is the destination for shadow traffic, has shadow qlength always equal to
zero. The shadow algorithm consists of the following parts.

The congestion control algorithm (for unicast traffic): At the beginning of time slot
t, each flowf injects traffic into its corresponding entrance quqf;}{e according to the
following data rates:
er
a, [t]
t] = U — L _x].
zylt] arg max ( s(@) = =

The shadow congestion control algorithm (for multicast tréfic): At the beginning of
time slott, for each session, each destination nodée D(s) injects shadow traffic into
its corresponding “entrance” shadow quegjeccording to the following data rates:

] = arg max (Uds(x) - %x)
0<z<M ’ K

As in the case of single-rate multicast, we will denote thmhbar of shadow packets
generated at destinatiahof sessions at timet by a?[t], wherea?[t] is a Poisson random
variable with mearr<[t].
The shadow back-pressure scheduling algorithmThe back-pressure algorithm is run
jointly for the shadow multicast traffic and the real unicaaffic. In particular, at time
slot ¢, for each node:, we define the unicast differential backlog for destinatioaed

aswi[t] = max (¢2[t] — g4 [¢t]) , and the shadow multicast differential backlog for
m:(n,m)e

sessions asw,, [t] = Z a.[t] — @ [t] | - The weight of node: at time slott is
meCs(n)
defined as

— d s
wplt] = max {I;leag wi [t], 5:717.1;2;3?5) w;, [t]} . (3.7)

Then, the service rate vectg[t] is chosen fronT" such that

&[t] € argmax Z Wy [y, (3.8)
el
neN

At noden, the commaodity whose differential backlog achieves theimar in (3.7) will
be served at ratg, [t]. That commodity can be real unicast traffic destined to dastind
over link (n, m), or shadow multicast traffic for sessienThe rest of the queues at node
n are not served at time slot

Since the maximization in (3.8) may have many solutions, sgime that those solu-
tions are indexed, and scheduler always choose the least gudution.

Note that the real unicast traffic is served at nades usual. However, if, for example,
k shadow packets of sessiemre served at nodein the links betweeit’s (n) andn, then
each shadow queug, of each noden € C;(n) is reduced bynin{k, ¢, }, and shadow
queuey is increased bynin{k, glca)(q )ijn}. In other words, all queueg,, m € Cs(n),

m s(n

are served simultaneously, but the number of shadow paakéting to g; is the maxi-
mum of what was served from each shadow input.
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Transform the shadow multicast traffic to the real multicast traffic:

At any time slot, each node will try to send the same amountaf packets as the
number of shadow packets that it virtually received at thétslot. However, the actual
number of packets sent could be fewer because the node mhgveenough real packets
to send. Let: [¢] denote the number of shadow packets of sessitvat noden virtually
receives at time, andg; [t] denote the queue-length for sessitareal packets at nodeat
timet. Then the actual number of real packets sent by noagtimet is min{v [t], ¢3 [t]}.

Similarly, at any time slot, each node will receive the sammber of real packets as
the number of shadow packets that it virtually sent at tlmaétslot. For example, suppose
that, in a given slotk shadow packets of sessierare moved fronC;(n) to n, but node
m (m € Cy(n)) sends only’ (k' < k) shadow packets to (this can happen due to the
manner in which shadow traffic is served as described abd¥en noden will send &
real packets of flows to each node s (n) in that time slot, but node: only accepts:’
real packets and drops the rést %’. Also, whenk shadow packets arrive at source node
r(s), the source will injeck “new” real packets to the multicast tré&s).

We have that, for a given sessierand a given node € T'(s), the update rule of the
shadow queusjf [t]) is as follows:

Bli+1 = (G- & i) +max(alMTpepey wi)  (G9)

wherea[t] is the number of exogenous shadow arrivals of sessiandestinationi
D(s), & [t] is the amount of shadow packets which ackeduledo be served over links
betweenC;(n) andn (defined in (3.8)), and? [¢] is the amount of shadow packets which
areactuallyserved over links betwe@ti, (n) andn. Note that

S t — : S t ~S .
v, [t] = min{&; [t], e dm }

In equation (3.9), the number of packets that the shadoweygeueceives at time
tis max{ag[t|Z{nep(s)} vnlt]} Since we allow the case when some destinations are not
leaves of the tree. Also, the number of packets that the shgdeuej® sends at time is

min {q; t],&5. (n) [t]} . Therefore, the update rule for the real quegdi() is as follows:

@lt+1] = (gt - max{a@ [t Tineney volt]}) "
+min {311, €3,y 1], 5, o [F} - (3.10)

Intuitively, the shadow traffic can be viewed as the cal@datapacity for the real
traffic.

(b) Stability and Performance

We note that the shadow congestion control and schedulgagitims actually mimic
the ones described in Section 2c. Therefore, the proof gidaiton 2.1 can be used to
show that the shadow congestion control and schedulingitiigo achieves a network
utility which is arbitrarily close to the optimal one, andsalstabilizes the real unicast
gueues andhe shadow multicast queuds particular, the following proposition can be
stated.
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Proposition 3.1. Under the shadow congestion control and scheduling algor#t de-
scribed in Section 3a, the source rates satisfy

SNUs@E)+> Y Uas (@) = D U@ +>. > Ul *d—%

fer s€S deD(s) feF s€S deD(s)
where
1Tfl
= lim — Y E]| = lim =Y E[zt
zy = lim 7 Z sl 3 = Jim_ 7 3 B ]

and B < oo is some constant. Also, all real unicast queues and shaddticast queues
are stable (i.e., the Markov chain of queue occupanciessgipe recurrent).

Proof. The proof of this proposition is similar to the proof of Pragjimn 2.1. O

Now we address the queue length stability of the real qudResall that at any time
slot, each node will send (or receive) at most as many reddgia@s what it virtually
received (or sent) at that time slot. Further, if a node rexemore real packets than what
it virtually sent, it will drop the excess amount. Thus, itrigportant to understand whether
this packet-dropping mechanism can stabilize the real egieu

Let us introduce some more notations. Consider a multicastTt(s) with the root
r(s). For any noden € T'(s), let A;(n) be the set of nodes in the path framto r(s)
includingn. Also, letl$ be the level of node in T'(s), i.e., i = |As(n)| — 1 where|S]
denotes the cardinality of sét

For eachs € S andn € T'(s), let us definen? [t] and#?[t] are the actual numbers
of real packets arriving to and departing from the real quguat timet, respectively.
Similarly, let & [t] and 7 [t] be the actual numbers of shadow packets arriving to and
departing from the shadow quegg at time¢, respectively. Comparing with (3.9), we
have:

aplt] = max{a[t]Z(ep(s)y valtlh
il = min {6 00}

Also, the update rule (3.10) becomes:

aalt+1] = (a0 = aa )™ + min {7 1t], 45, )[4}

In other words, the shadow packets are the available tokersehding real packets. Note
that the tokens anastantaneous permite send packets. If the tokens are not used within
the same time slot that they are generated, then they ard@ heeste tokens cannot be stored
by the receiving node for future use. This is different tHas tisual sense in which tokens
are interpreted in communication networks.

To prove stability of the real queues, we consideradified systeras follows: instead
of sending up to the number of available tokens, each nodisseslightly smaller number
of real packets. More precisely, suppose that nedeceivedk > 0 shadow packets in
a time slot, then it will try to send real packets (or all the packets in the queue if the
queue length is smaller thaf) with probability (1 — ¢/k), or simply dropk packets from
its queue with probability/k. Thus, the traffic ishinnedas it proceeds along a multicast
tree.

Note that ag goes to zero, thimodified systemwill emulate theoriginal systemNext,
we will prove the stability of thenodified system
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Proposition 3.2. For the modified system, the Markov chédit], q[t]) is positive recur-
rent and

E(|[(a[oc], aloo])[]) < oo, (3.11)
where the timec indicates the stationary regime. Further,

E(a;,[00]) — Ie < E(n[oc]) < E(ag,[o0]), (3.12)

wheree is the parameter of the modified system, which was describieddithe statement
of the proposition.

Proof. It is easy to see thalq[t], q[t]) forms a Markov chain which is irreducible and
aperiodic.
Recall that for the shadow queue of any nade T'(s) of sessiors € S, we have:
t—1 t—1
Gl = @00+ Y ankl =Y mk,  vi>o.
0

k=0 k=

Sinceg? is positive recurrent, by the ergodic theorem (Norris 1998)

. 1 ~s _ ~s
k=0
| V-1
]\}Enoo N ];) arlk] = E[a;[o0]] a.s.

where the timex indicatesstationary regimeFurther, the stability of the shadow queues
implies
E[7;, [oc]] = E[ay, [o]]. (3.13)

n

Now, let the modified real queueing system be
~ + ~
qGlt+1] = (qult] = anlt) ™ +an[tl,
whereé&?, andq; are the “service” and arrival processes, respectivelygémh real queue.
By construction, we have that for every

arlt] = [t], (3.14)

E[a[tla] < a5[t] — €', when;[t] > 0, (3.15)
wheree’ > 0 is a constant depending enande’ — 0 as long as — 0. These estimates,
along with (3.13), show that each real queue will have a megaterage drift, as long
as it is large enough. This allows us to establish the pesriée¢urrence, as well as (3.11)
(we omit details). The estimate (3.12) follows from the fétt at any time, the maximum
possible expected number of real packets, that can be dildppeny given node due to
thinning ise. O

The above proposition shows that the rate at which real packach each destination
is close to the token generation rate at that destinatiote Nhat the above proposition is
also valid if “thinning” is done only at the source and not ey intermediate node. In
this case, one can show that the arrival rate is less thantligaavailable service rate at
each queue by an induction argument starting at the soureagobf multicast tree.
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(c) The Finite-Buffer Case

In the previous sub-section, we showed the stability of thétioast congestion control
algorithm by “thinning” the traffic slightly and transmitij at a rate slightly smaller than
the token generation rate. In this section, we consider #ise of a network with finite-
buffer queues. For such a network, stability is not an isklogvever, we still have to prove
that the rate at which real packets reach each destinatitinse to the solution obtained
from the network utility maximization problem, at least witbe buffer size at each queue
is large. For simplicity, we will assume that the shadow &thm is used by all flows,
unicast or multicast.

Suppose that each queue has a maximum queue léhgth oo, i.e., packets which
arrive when the queue length reachiéswill be dropped. The real packet transmission
scheme for this system is as follows: when a node receiveda@rteumber of tokens for
a flow, the node transmits as many real packets as the numbekenfs received if that
many real packets are available in that flow's queue; elsarisimits all the real packets in
the queue. In particular, no thinning is used as in the ca#ieedhfinite-buffer queue. We
will use a coupling argument to relate this finite-buffer rabtb the infinite-buffer model
considered earlier to establish our result.

Let us consider the following queueing systems. All of thenm @oupled, i.e., their
evolution processes constructed on the same probabibiigesip a natural manner.

SYSTEM 1 (S1).The infinite-buffer systenconsidered in the previous subsection with
thinning parameter.
From Proposition 3.2, we know thEY|| (gq[cc], g[o0])||] < oo. Let us call this Fact 1.
From Proposition 3.2, we also know that, for any receiverrdal received rate is close
to its token injection rate, which is close to the optimalgioin (Fact 2).

SYSTEM 2 (S2).The queueing dynamics of this system are the same as th&@ewith
two modifications. At any time, after completion of all arrivals and departures which oc-
cur in the transition from time— 1 to timet, any packet in any queue which h&sor more
packets ahead of it in the queue is colored red. We will alge kigh priority to uncolored
packets in our queueing network. In other words, when a newlored packet arrives at
a queue, this packet is inserted in front of all the coloreckpss. (If after completion of
all arrivals and departures, this packet will haieor more packets in front of it, it will
be colored.) Note that this does not alter the total queugtiheat any queue, it only en-
sures that colored packets will be served last in a queuelldtds from Fact 1 that, in the
stationary regime, the fraction of colored packets can baeaabitrarily small by making
H large (Fact 3). (More precisely, the average rate at whiclkeia are being colored in
the network will be small.) It then follows from Facts 2 anchat, whenH is sufficiently
large, inS2the received rate of uncolored real packets at any recesv@ose to its token
injection rate, which in turn is close to the optimal solutig-act 4).

SYSTEM 3 (S3).This queueing system is similar 8, but the real traffic is not thinned,
i.e., we lete be equal to zero. Instead, those packets which would have“tigened out”
at a source or any intermediate node are also colored rea. 33 the priority scheme for
this queueing system gives the highest priority to uncaqackets — they are always in
front of the colored packets in any queue. Note that this gungusystem may be unstable,
but its stability does not matter to us. Clearly, Fact 4 hdtdsS3as well as folS2 when
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H is large enough, the received rate of uncolored real paeketsy receiver is close to its
token injection rate, which is close to the optimal solut{pact 5).

SYSTEM 4 (S4) Same a§3 except that any packet in any queue which is above threshold
H will be dropped In other wordsS4is thetrue systenwith finite buffers.

Theorem 3.3. The processes of uncolored packetsSihand S3 (and S2) are identical,
i.e., the queue lengths at any node at any time are equal imdyattems.

Proof. The proof follows from the construction. O

Corollary 3.4. In the system with finite buffers, when the buffer lenfdtlis sufficiently
large, the real received rate at any receiver is close todteh injection rate. By Proposi-
tion 3.1, if K is large, then the token injection rate is close to the optiseéution.

4. Extensions
(@) Energy Constraint and Minimum Arrival Rate Constraint

We note that our approach can be extended to scenarios wdrerette other constraints
on the network. The required modifications to handle additiconstraints are no different
than in the case of unicast flows and so we only briefly commeihem below.

Consider a network where each node may have an average pomstraint. Suppose
that when node: transmits at an instantaneous rgtgt] in time slot¢, it consumes an
amount of energy equal @, (£, [t]) per time slot, wherg,, depends upon the PHY layer
characteristics. Suppose that the battery power of madeonstrained to be less th&y,
i.e., the long-term time-average @f(¢) has to be less than or equal®. The Lagrange
multiplier for this constraint can be viewed as a fictitiouqe: “packets” arrive at this fic-
titious queue during each transmission from the node, Wwighnumber of arriving packets
equal to the energy consumed during the transmission. Baatedrained from this queue
at rateP,,. Thus, if the fictitious queue is stable, then it means thattfezage energy per
unit time consumed by the node is less than or equal the axgrager constraint. The
idea of using fictitious queues to impose energy constrirnae to Stolyar (2005, 2006)
and Neely (2005). The fictitious energy queues should aldortiger incorporated into the
back-pressure algorithm for resource allocation as spédifi Stolyar (2005, 2006).

Another constraint that arises in applications such asovid@ minimum arrival rate
constraint: the flow rate may be required to be greater than or equal to some minimum
level z,,;,. Then, we can introduce another fictitious queue for that.flbiws fictitious
gueue has an arrival raig,;,,, and a service rate. In other words, at each time slot, there
is a constant arrival rate to this queue equatlg.,,; and wheneves packets are sent by
the flow, we remove the same numbergiackets from this queue. These fictitious queues
can then be stabilized by adding them to our framework.

(b) Delay Reduction Using the Shadow Algorithm

One can see that the shadow traffic acts like the capacityhéordal traffic. In other
words, the shadow algorithm creates “pipes” for the redfitteSince the capacity infor-
mation is available, we can effectively reduce the delayeaf traffic by letting each flow
send traffic at a rate less than its available capacity asdrthiimning algorithm in Sec-
tion 3b. By increasing, one can decrease the rate of real traffic significantly belav t
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available capacity, thus, providing a tradeoff betweenulghput and delay. This idea can
also be used to reduce the delay for unicast traffic as well.

(c) Implementation Issues

The disadvantage of the back-pressure algorithm is theeim@htation complexity.
However, approximations of the back-pressure algorithnmbdifying the 802.11 proto-
col, have been proposed and implemented Aletall. (2008).

5. Conclusion

We study the resource allocation problem for multicastieassn multihop wireless net-
works. First, we extend the results from the existing thdoryunicast flows to also con-
sider single-rate multicast sessions. However, such amsidn is not straightforward in
the case of multi-rate multicast. Therefore, we introdhestoncept of shadow queues, and
propose a shadow algorithm which can achieve the optimatisal for multi-rate multi-
cast. It turns out that our approach can also be used to sgesoime degree of control over
QoS (packet delays) delivered to the users of the network.

This research was supported by the DARPA CBMANET projecti-Ng&ants CCF 06-34891, CNS
07-21286 and a Vodafone fellowship.
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